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Abstract. We consider the principal eigenvalue ¸ ­
1 (®) corresponding to ¢ u = ¸ (®) u in ­ ; @u

@º =
® u on @­, with ® a ¯xed real, and ­ ½ R n a C0;1 bounded domain. If ® > 0 and small, we
derive bounds for ¸ ­

1 (®) in terms of a Steklo®-type eigenvalue; while for ® > 0 large we study the
behavior of its growth in terms of maximum curvature. We anal yze how domain monotonicity of
the principal eigenvalue depends on the geometry of the doma in, and prove that domains which
exhibit domain monotonicity for every ® are calibrable. We conjecture that a domain has the
domain monotonicity property for some ® if and only if it is calibrable.
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1. Introduction

We study the behavior of the principal eigenvalue,¸ ­
1 (®), of the following eigen-

value problem:
½

¢ u = ¸ (®) u in ­ ;
@u
@º = ® u on @­ ;

(1)

throughout the regime ¡1 < ® < 1 . Here, º denotes the external normal vector.
When ® < 0, we are looking at the so-called Robin problem for the Laplacian.

We are interested in deriving bounds for® > 0 in terms of the geometry of ­,
in the spirit of the results proven by Sperb for ® < 0; and, in examining for ® real
conditions under which domain monotonicity holds or fails.

Following [7], we say that a bounded domain ­ ½ Rn ; n ¸ 2 and its boundary
are of classCk;® ; 0 · ® · 1, if at each point x0 2 @­ there is a ball B = B (x0)

1Funding to this author was provided by the National Science F oundation Grant #DMS-
0604843.

2This author was partially supported by a grant of the Nationa l Security Agency, grant
#H98230-05-1-0060.
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and a one-to-one mapping ª of B onto D ½ Rn such that:

(i ) ª( B \ ­) ½ Rn
+ ; (ii ) ª( B \ @­) ½ @R n

+ ; (iii ) ª 2 Ck;® (B ); ª ¡ 1 2 Ck;® (D ):

Additionally, we will say that ­ satis¯es a uniform interior sphere condition , if
there exists anr 0 such that for each point x 2 @­ one can ¯nd a ball B of radius
r 0, satisfying B ½ ­ and x 2 @B; and a uniform exterior sphere condition, if
there exist a > 0; b > 0 such that for eachx 2 @­, and 0 < s · b, one can ¯nd
a ball B = B (x0; r ) of radius r and center at x0, with jx0 ¡ yj · s, r ¸ 2as and
B \ ­ = ; .

Throughout the paper, unless otherwise stated, we assume ­ to be aC0;1

bounded domain.

For all ® one has via the Rayleigh principle:

¸ ­
1 (®) = sup

u2 H 1 (­; R )

®
R

@­ u2 d¾x ¡
R

­ jr uj2 dx
R

­ u2 dx
: (2)

Also, it is well-known that ¸ ­
1 (®) is simple, and that an eigenfunction Á­

1 (®; x)
can be chosen with a single sign and normalized by letting

R
­

¡
Á­

1

¢2
dx = 1. As

® ! ¡1 , ¸ ­
1 (®) converges to the principal eigenvalue,̧ ­

D < 0, for the Dirichlet
problem: ½

¢ u = ¸ u in ­ ;
u = 0 on @­ :

(3)

For the principal eigenvalue ¸ ­
1 (®) we derive the following main results.

Let ® > 0, there exists a constantC­ such that for all 0 < ® < 1=C­

®
j@­ j
j­ j

< ¸ ­
1 (®) · ®

j@­ j
j­ j

³
1 ¡

p
® C­

´ ¡ 2
;

where C­ corresponds to a Steklo®-type eigenvalue problem, see (11) and (12),
depending only on­ . (See theorem 2.3 and (15).)

The following limit holds

lim
®! 0

¸ ­
1 (®)
®

=
j@­ j
j­ j

: (4)

(See corollary 2.4.)

For ® > 0, we o®er a description of the behavior for large® of the principal
eigenvalue of a mixed-problem for a planar wedge. The relevance of this result lies
in the fact that, in conjunction with theorem 2.4 in [5], it shows that the behavi or
of the eigenvalue growth in ® > 0 depends on the maximum curvature of the
boundary.
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Let W be a wedge inR 2 of radius r 0 and angle 2µ0. Denote by ¸ W
M (®) the

principal eigenvalue of the eigenvalue problem for the positive Laplacian with
Dirichlet boundary condition on the sides and generalized Robin boundary con-
dition of constant ® > 0 on the curved boundary. For everym > 1, there exists
®0 = ®0(m; µ0; r 0) such that for ® > ®0, we have

¸ B (0;m r 0 )
1 (®) · ¸ W

M (®) · ¸ B (0;r 0 )
1 (®):

(See theorem 2.7.)

For ® real, we study monotonicity properties for particular geometries.

Let A = A(0; r 1; r 2) be the n-dimensional annulus of center0, inner radius
0 < r 1 < r 2, and outer radius r 2. For every ­ ½ A, we have¸ ­

1 (®) · ¸ A
1 (®) < 0

whenever® < 0, while if ® > 0 then ¸ ­
1 (®) ¸ ¸ A

1 (®) > 0. (See theorem 3.1.)

In other words, annuli have the uniform subdomain monotonicity property, see
de¯nition 3.2. On the other hand, we show that cubes do not satisfy it.

Let C be then¡ dimensional cube
Q

j =1 ;n [¡ a; a], a > 0. For every ® < 0; there

exists ­ 1 ½ C such that 0 > ¸ ­ 1
1 (®) > ¸ C

1 (®). While, if ® > 0 one can ¯nd
an ­ 2 ½ C with 0 < ¸ ­ 2

1 (®) < ¸ C
1 (®) > 0. That is, cubes fail to have domain

monotonicity for any ® (see theorem 3.2).

The fact that balls (see [5, 6]) and annuli have the uniform subdomain mono-
tonicity property but not cubes, suggests that the Cheeger constantof a domain
should be playing a role, and hints to the existence of a connection between this
property and the notion of calibrable sets (see de¯nition 3.4).

A domain ­ which has the uniform monotonicity subdomain property is cali-
brable (see theorem 3.3).

The previous results lead us to make a conjecture on the geometric properties
a domain must have in order to satisfy some type of domain monotonicity.

Conjecture: The following statements are equivalent.

(i) ­ has the ®¡ subdomain property for some®; (see de¯nition 3.1);
(ii) ­ has the uniform subdomain property; (see de¯nition 3.2);
(iii) ­ is calibrable (see de¯nition 3.4).

As a function of ® 2 R , for any ­ ¯xed, y = ¸ ­
1 (®) is an increasing, convex

function, which has y = ¸ ­
D as an horizontal asymptote for ® ! ¡1 , but is

unbounded as® ! 1 .
In Figure 1, we provide the graph ofy = ¸ ­

1 (®) for ­ = ( ¡ ¼=2; ¼=2). The plot
includes the horizontal asymptote y = ¸ ­

D ´ ¡ 1, and the line y = ®j@­ j=j­ j ´
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Figure 1. Graph of ¸ ­
1 (®) for ­ = ( ¡ ¼

2 ; ¼
2 )

2®=¼, which is always below the graph of¸ ­
1 , as one can easily see by taking in

(2) as test-function u ´ 1:

¸ ­
1 (®) ¸ ®

j@­ j
j­ j

; for any ® 6= 0 : (5)

In fact, the line is also tangent to y = ¸ ­
1 (®) at the origin, see (4).

The paper is organized as follows. In Section 2, we derive the estimates for
the case® > 0 and discuss their relationship with known results. In Section 3
we explore monotonicity behaviors which lead to our conjecture about a necessary
condition for domain monotonicity.

2. Bounds for positive ®

We explore the geometric contributions which tend to govern¸ ­
1 (®) for ® close to

zero and asymptotically in ®. For ® < 0, the elastically supported membrane, more
information is known, since ¸ ­

1 (®) is stable with respect to local perturbations of
the boundary, see [4], and asymptotically if D ½ ­ it holds lim ®!¡1 ¸ ­

1 (®) ¡
¸ D

1 (®) ¸ 0.
We begin by recalling two bounds found by Sperb, one involving the ratio

j@­ j=j­ j, and the other a Steklo®-type eigenvalue problem.
Note that we quote the theorems rewritten in our notation, where ® is negative.
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Theorem 2.1 ([ 15]). For ­ ½ R2 and ® < 0, it holds

1
1

¸ ­
D

+ 1
®

1
q­

1

¸ ¸ ­
1 (®) ¸ ¸ ­

D ;

where q­
1 is the ¯rst eigenvalue for the Steklo®-type problem:

8
<

:

¢(¢ u) = 0 in ­ ;
u = 0 on @­ ;
¢ u = q @u

@n on @­ ;

with q­
1 also being given as a minimizer:

q­
1 = min

f w=0 on @­ g

R
­ (¢ w)2 dx

R
@­

¡
@w
@n

¢2
d¾x

:

Theorem 2.2 ([ 15]).

¸ ­
1 (®) ·

1
1

¹ 2
+ j ­ j

® j@­ j

;

where again¹ 2 < 0 denotes the second eigenvalue of the Neumann problem for the
positive Laplacian.

The ¯rst bound is especially useful for ® large negative, while the second one
together with (5) gives the behavior as® tends to zero from the left:

lim
®! 0¡

¸ ­
1 (®)
®

=
j@­ j
j­ j

: (6)

At this point, we should also mention that most of the results in the liter ature
(noticeably the ones by Sperb, Payne and collaborators) are presented for ­½ R2,
but many hold for any dimensions with obvious modi¯cations. The reader should
assume that when this is the case we will use them for any dimension.

For ® > 0, we show an analogous result, combining both a Steklo®-type eigen-
value and the ratio j@­ j=j­ j.

Theorem 2.3. Let ­ ½ Rn ; n ¸ 2 be a C0;1 domain, there exists a constantC­

such that for all 0 < ® < C ¡ 1=2
­ one can ¯nd a ¸ ¤(®) > 0 with ®2 ¸ ¤(®) ! 0 as

® ! 0+ , ¸ ¤(®) ! 1 as ® ! 0+ and

®
¸ ­

1 (®)
¸

1
j@­ j
j ­ j + C ­

¸ ¤ (®)

¡ ¸ ¤(®) ®2:

Proof. Let ® > 0 be ¯xed and ¸ > 0 be a number to be chosen later. By the
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variational formulation (2), in view of (5), we have that

¸ ­
1 (®) = sup

u2 H 1 (­; R )

®
R

@­ u2 d¾x ¡
R

­ jr uj2 dx
R

­ u2 dx

= sup
f u2 H 1 (­; R ): ®

R
@­ u2 d¾x >

R
­ jr u j2 dx g

®
R

@­ u2 d¾x ¡
R

­ jr uj2 dx
R

­ u2 dx
;

which implies, since we are considerinģ > 0,

1
¸ ­

1 (®)
= inf

f ®
R

@­ u2 >
R

­ jr u j2 g

R
­ u2 dx

®
R

@­ u2 d¾x ¡
R

­ jr uj2 dx

¸ inf
f ®

R
@­ u2 >

R
­ jr u j2 g

R
­ u2 dx

®
R

@­ u2 d¾x

¸ inf
f ®

R
@­ u2 >

R
­ jr u j2 g

· R
­ u2 dx

®
R

@­ u2 d¾x
+ ¸

R
­ jr uj2 dx ¡ ®

R
@­ u2 d¾x

®
R

@­ u2 dx

¸

= inf
f ®

R
@­ u2 >

R
­ jr u j2 g

· R
­ u2 dx + ¸

R
­ jr uj2 dx

®
R

@­ u2 d¾x
¡ ¸

¸

¸
1
®

inf
u2 H 1 (­; R )

· R
­ u2 dx + ¸

R
­ jr uj2 dx

R
@­ u2 d¾x

¸
¡ ¸:

That is,

1
¸ ­

1 (®)
¸

C¸

®
¡ ¸; (7)

where

C¸ := inf
u2 H 1 (­; R )

R
­ u2 dx + ¸

R
­ jr uj2 dx

R
@­ u2 d¾x

;

or equivalently

1
C¸

= sup
u2 H 1 (­; R )

R
@­ u2 d¾xR

­ u2 dx + ¸
R

­ jr uj2 dx
: (8)

To estimate (8), we split a given function u 2 H 1(­; R) in u = w + h, with
h = 1

­

R
­ u(x) dx constant, and w with

R
­ w dx = 0.

The triangle inequality and the algebraic inequality (a+ b)2

c2 + d2 · a2

c2 + b2

d2 applied
to (8) imply the following estimates:
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1
C¸

= sup
f u= w+ h;

R
­ w=0 ;h constant g

R
@­ (w + h)2 d¾xR

­ (w + h)2 dx + ¸
R

­ jr wj2 dx

· sup
f

R
­ w=0 ; h constant g

(
q R

@­ h2 d¾x +
q R

@­ w2 d¾x )2

R
­ (w + h)2 dx + ¸

R
­ jr wj2 dx

(9)

· sup
f

R
­ w=0 ; h constant g

R
@­ h2 d¾xR

­ (w + h)2 dx
+

1
¸

supR
­ w=0

R
@­ w2 d¾xR

­ jr wj2 dx
:

Since 2
R

­ hw dx = 2h
R

­ w dx = 0, and
R

­ w2 dx > 0, we can use in (9) the trivial
bound

sup
f

R
­ w=0 ; h const g

R
@­ h2 d¾xR

­ (w + h)2 dx
= sup

f
R

­ w=0 ; h const g

R
@­ h2 d¾xR

­ (w2 + 2wh + h2) dx

· sup
f h constant g

R
@­ h2 d¾xR

­ h2 dx
=

j@­ j
j­ j

;

and gather
1

C¸
·

j@­ j
j­ j

+
1
¸

C­ ; (10)

where

C­ := supR
­ w=0

R
@­ w2 d¾xR

­ jr wj2 dx
(11)

corresponds to a Steklo®-type eigenvalue problem, depending only on ­, whose
Euler formulation yields

8
>><

>>:

¢ w = constant in ­ ;

C­
@w
@º = w on @­ ;

R
­ w dx = 0 :

(12)

Note that Lemma 2.2 in [5] implies C­ · c1 ¡ c2=¹ 2 for positive constants c1; c2

depending only on ­, where again ¹ 2 < 0 denotes the ¯rst non-zero eigenvalue of
the Neumann problem for the positive Laplacian.

We substitute (10) in (7) and obtain the lower bound

1
¸ ­

1 (®)
¸

1

® j@­ j
j ­ j + ® C ­

¸

¡ ¸; (13)

we then maximize the right hand side of (13) with respect to ¸ 2 (0; 1 ). The
maximum occurs when

¸ ¤(®) =
j­ j

j@­ j

Ã
C

1
2
­

®
1
2

¡ C­

!

; (14)
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and for 0 < ® < C ¡ 1
­ our theorem follows.

Remark. If we substitute (14) in (13), we have for 0< ® < 1
C ­

that

®
j@­ j
j­ j

< ¸ ­
1 (®) · ®

j@­ j
j­ j

³
1 ¡ ®

1
2 C

1
2
­

´ ¡ 2
: (15)

Together with (6) and (5), theorem 2.3 implies the following corollary.

Corollary 2.4. Let ­ ½ Rn ; n ¸ 2 be aC0;1 domain, then

lim
®! 0

¸ ­
1 (®)
®

=
j@­ j
j­ j

:

For ® < 0, the behavior of the principal eigenvalue depends on the inradius
of the domain, that is the radius of the largest ball contained in the domain (see
the results recalled below). We argue that for® > 0, the analogous signi¯cant
quantity is the maximum curvature.

We mentioned that as ® tends to negative in¯nity, the eigenvalue ¸ ­
1 (®) ap-

proaches the Dirichlet eigenvaluȩ ­
D , which can be characterized essentially by an

inradius condition:
Theorem 2.5 ([ 13]). Let 0 < ° < 1 be ¯xed, there exist c = ( °; n ) and C =
C(°; n ):), such that for every ­ ½ Rn

c r ¡ 2
­ ;° · ¸ ­

D · C r ¡ 2
­ ;° ; (16)

where r ­ ;° is the so-called interior capacitary radius.
We recall for the reader that if we denote byB r an open ball of radiusr , the

interior capacitary radius is de¯ned as follows:

r ­ ;° = supf r > 0j there exists B r with B r n ­ ° ¡ negligibleg: (17)

Here, for an arbitrary ° 2 (0; 1), we say that a compact setF ½ B r is ° ¡ negligible,
if the Wiener capacity of F is less or equal to° times the Wiener capacity of B r .

This result is similar to the following one, proven in [3].

Theorem 2.6 ([ 3]). If ­ ½ Rn is a simply connected planar domain or, in higher
dimensions, solves a Hardy-type inequality

c1

Z

­

jf (x)j2

d2(x)
dx ·

Z

­
jr f j2 dx; (18)

then there is a constantc2 = c2(n) such that
c1

R2
­

· ¡ ¸ ­
D ·

c2

R2
­

;

where R­ is the inradius of ­ .

We remark that if ­ has ¯nite inradius and satis¯es a uniform exterior sphere
condition then it satis¯es an inequality of the type (18).
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In the special case of ­ convex domain of classC2;² , Payne and Schaefer [14]
have shown that ¸ ­

1 (®) satis¯es

¡
q

¡ ¸ ­
1 (®) R­ · tan¡ 1

0

@ ®
q

¡ ¸ ­
D

1

A ; (19)

which for ® ! ¡1 recovers the result of Hersch, [8]:

¸ ­
D · ¡

¼2

4R2
­

:

The bound (19) is isoperimetric when
p

¡ ¸ ­
1 (®) R­ < ¼=2; that is, quoting Payne

and Schaefer, the inequality is strict for a bounded region ­, and the equality sign
is realized in the limit as ­ degenerates to a region between two parallel lines.

The next results which we would like to quote are for general domains in
R 2, and can often be extended to higher dimension. The obvious bounḑ ­

D ·
¸ ­

1 (®) < 0, can be improved by considering the variational formulation (2) with
trial function

u = Á­
D +

¯
j­ j

Z

­
Á­

D (z) dz;

with Á­
D the Dirichlet eigenfunction, and ¯ chosen so to minimize the Rayleigh

quotient. In particular, Sperb has shown that in two-dimensions we have

¸ ­
D · ¸ ­

1 (®) (1 ¡
4¼

®j@­ j
) < ¸ ­

1 (®) < 0;

and

¸ ­
1 (®) ¸ ®

j@­ j
j­ j

¸ ¡ ®
j@­ j
4¼

¸ ­
D : (20)

Although, the bounds hold for any ® < 0, clearly only the ¯rst is of interest for
® ! ¡1 :

For ® > 0, if the boundary is not smooth Levitin et al. [12], following Lacey
et al. [10], have shown that the asymptotic behavior of ¸ ­

1 (®) for ® large is
determined by the largest angle for a polygon. Also, for a domain ­ equivalent to
a sphere, Lacey et al.[10] obtained that

lim
®!1

¸ ­
1 (®)
®2 = 1 : (21)

An intermediary statement between the polygonal and smooth cases is re°ected
by examining the asymptotic behavior in terms of the curvature of the boundary
where the Robin conditions are applied. With this in mind, we look at a wedge
W with homogeneous lateral boundary conditions, and show in the next theorem
that the growth of the eigenvalue is asymptotically equivalent to a ball of the
same curvature, that is the asymptotic behavior of W is seen to depend on its
radius and not its angle. The theorem then suggests that for a smooth domain ­
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a lower bound for ¸ ­
1 (®) can be obtained by taking trial functions which are the

eigenfunctions for wedges contained in the domain with radius determined by the
maximum curvature.

Theorem 2.7. Let W = f 0 < r < r 0; ¡ µ0 < µ < µ 0g be a wedge inR 2, and
denote by¸ W

M (®) the principal eigenvalue for the mixed eigenvalue problem
8
<

:

¢ u = ¸ (®) u in W;
@u
@º = ® u on r = r 0; ¡ µ0 < µ < µ 0;
u = 0 on µ = ¡ µ0; µ0; 0 < r < r 0:

(22)

Then, for any m > 1 there exists an®0 = ®0(m; µ0; r 0), so that for ® > ®0

¸ B (0;m r 0 )
1 (®) · ¸ W

M (®) · ¸ B (0;r 0 )
1 (®): (23)

Proof. Using scaling we can assumer 0 = 1. The upper bound in (23) is a
consequence of the fact thaţ B (0;1)

1 (®) has a radially symmetric eigenfunction that
when restricted to the wedge would correspond to Neumann data on the lateral
sides, and Neumann data increase the eigenvalue for the positive Laplacian.

An explicit eigenvalue formula for a ball of center zero and radiusr is well-
known, namely q

¸ B (0;r )
1 (®) I 0

0

µ
r

q
¸ B (0;r )

1 (®)
¶

I 0

µ
r

q
¸ B (0;r )

1 (®)
¶ = ®; (24)

here I ´ denotes the modi¯ed Bessel function of index́ . Also, from [9] we have for
´ > 0 that

d
ds

µ
s I 0

´ (s)

I ´ (s)

¶
=

1X

n =1

4s j 2
´;n

(s2 + j 2
´;n )2 ¸ 0;

where § j ´;n is the nth zero of J´ (s)=s´ , that is for ´ > 0 the ratio

s I 0
´ (s)

I ´ (s)
is increasing: (25)

Following Amos [2], we de¯ne

Y´ (s) =
I 0

´ (s)

I ´ (s)
; r ´ (s) =

I ´ +1 (s)
I ´ (s)

;

from which, thanks to the following recursive relation [11, pg 110]

d
ds

¡
s¡ º I º (s)

¢
= s¡ º I º +1 (s); (26)

we have
Y´ (s) = r ´ (s) +

´
s

:
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When s ¸ 0; ´ ¸ 0, from [2] we know bounds forr ´ :
s

´ + 1
2 + ( s2 + ( ´ + 3

2 )2)1=2
· r ´ (s) ·

s
´ + 1

2 + ( x2 + ( ´ + 1
2 )2)1=2

: (27)

We combine the left inequality in (27) and equation (26) to gather

s I 0
´ (s)

I ´ (s)
= ´ +

s I ´ +1 (s)
I ´ (s)

= ´ + sr ´ (s) ¸ ´ +
s2

´ + 1
2 + ( s2 + ( ´ + 3

2 )2)1=2
;

which implies

lim
s!1

s I 0
´ (s)

I ´ (s)
= 1 : (28)

We use (25) and (28) to conclude that, for anyµ0 there is an ®(µ0) such that for
® > ®(µ0), one can ¯nd a unique K = K (µ0; ®) such that

KI 0
¼

2µ0
(K ) = ®I ¼

2µ0
(K ); (29)

then we set

u(r; µ) = I ¼
2µ0

(Kr ) cos(
¼µ
2µ0

): (30)

By properties of the modi¯ed Bessel functions and by direct computation we have
u > 0 for ¡ µ0 < µ < µ 0, and

¢ u =
µ

d2

dr2 +
1
r

d
dr

+
1
r 2

d2

dµ2

¶
u

=
·
K 2 I 00

¼
2µ0

(Kr ) +
K
r

I 0
¼

2µ0
(Kr ) ¡

¼2

4µ2
0

1
r 2 I ¼

2µ0
(Kr )

¸
cos

µ
¼µ
2µ0

¶

= K 2

2

4I 00
¼

2µ0
(Kr ) +

I 0
¼

2µ0
(Kr )

Kr
¡

¼2

4µ2
0
I ¼

2µ0
(Kr )

K 2r 2

3

5 cos
µ

¼µ
2µ0

¶

= K 2 I ¼
2µ0

(Kr ) cos
µ

¼µ
2µ0

¶
= K 2u(r ):

That is, as the boundary conditions are veri¯ed by our choice of parameters, for
® > ®(µ0), ¸ W

M (®) is equal to K 2, with corresponding eigenfunction given by (30),
and veri¯es, thanks to (29), the eigenvalue formula

q
¸ W

M (®) I 0
¼

2µ0

µ q
¸ W

M (®)
¶

= ®I ¼
2µ0

µ q
¸ W

M (®)
¶

: (31)

To derive the lower bound in (23), due to (24), (31), (25) and the fact that
¸ B (0;1)

1 (®) is an increasing function in ®, it is enough to show that for m > 1,
´ > 0 and ¸ large one has

p
¸

I 0
´ (

p
¸ )

I ´ (
p

¸ )
·

p
¸

I 0
0(m

p
¸ )

I 0(m
p

¸ )
: (32)
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If we change variables tos =
p

¸ and use the notation introduced above, what we
need to show is that if ´ > 0 and m > 1, then there existss0 such that we have

Y´ (s) · Y0(m s) for s ¸ s0. (33)

From (27), the inequality (33) is established if we can deduce that

Y´ (s) = r ´ (s) +
´
s

·
´
s

+
s

´ + 1
2 + ( s2 + ( ´ + 1

2 )2)1=2

·
ms

1
2 + ( m2s2 + ( 3

2 )2)1=2
· r 0(ms) = Y0(ms) for s ¸ s0. (34)

We multiply (34) by s > 0, then cross multiply by the denominators, and simplify,
to obtain that it is equivalent to showing that

´ 2

2
+

´
4

+ ´ 2

r

m2s2 +
9
4

+
´
2

r

m2s2 +
9
4

+
´
2

r

s2 + ( ´ +
1
2

)2 + ´

r

s2 + ( ´ +
1
2

)2

r

m2s2 +
9
4

(35)

+
s2

2
+ s2

r

m2s2 +
9
4

· ms2´ + m
s2

2
+ ms2

r

s2 + ( ´ +
1
2

)2

Recalling that m > 1, so that m = 1 + 3 ²(m) for an ²(m) > 0 depending only on
m, we rewrite (35) as

´ 2

2
+

´
4

+ ´ 2

r

m2s2 +
9
4

+
´
2

r

m2s2 +
9
4

+
´
2

r

s2 + ( ´ +
1
2

)2 + ´

r

s2 + ( ´ +
1
2

)2

r

m2s2 +
9
4

(36)

· ms2´ +
3
2

²(m)s2 + s2

"

m

r

s2 + ( ´ +
1
2

)2 ¡

r

m2s2 +
9
4

#

:

However,

´ 2

2
+

´
4

+ ´ 2

r

m2s2 +
9
4

+
´
2

r

m2s2 +
9
4

+
´
2

r

s2 + ( ´ +
1
2

)2 + ´

r

s2 + ( ´ +
1
2

)2

r

m2s2 +
9
4

(37)

· c1(´ ) + c2(´ )s + ms2´;

for some constantsc1(´ ); c2(´ ), and, since for s large enough, depending only on
m and ´ , one has that

c1(´ ) + c2(´ )s + ms2´ · ms2´ + ²(m)s2;

our theorem is proven if we show that fors large enough

1
2

²(m)s2 + s2

"

m

r

s2 + ( ´ +
1
2

)2 ¡

r

m2s2 +
9
4

#

¸ 0: (38)
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That is, if
r

m2s2 +
9
4

·
1
2

²(m) + m

r

s2 + ( ´ +
1
2

)2; (39)

by taking the square of (39) and simplifying, we see that (38) is the sameas
claiming that for s large enough, depending only onm and ´ , we have

9
4

·
1
4

²2(m) + m2(´ +
1
2

)2 + ²(m) m

r

s2 + ( ´ +
1
2

)2;

which is clearly true for s large, and the theorem is proven.

The following corollary is for Dirichlet lateral boundary conditions an im me-
diate consequence of the previous theorem, but can be obtained with arbitrary
lateral boundary conditions by a much simpler argument.

Corollary 2.8. Let W = f 0 < r < r 0; ¡ µ0 < µ < µ 0g be a wedge inR 2, and
denote by¸ W

M (®) the principal eigenvalue for the mixed eigenvalue problem
8
>><

>>:

¢ u = ¸ (®) u in W;
@u
@º = ® u on r = r 0; ¡ µ0 < µ < µ 0;
homogeneous Dirichlet or Neumann,
or Robin condition for u on µ = ¡ µ0; µ0; 0 < r < r 0:

Then,

lim
®!1

¸ W
M (®)
®2 = 1

Proof. For any of the lateral boundary conditions, we can take as eigenfunction
associated with the principal eigenvalue

ÁW
M (r; µ) = cos(´ µ) I ´ (

p
¸ r ):

The Robin boundary condition for r = 1 implies
p

¸ I 0
´ (

p
¸ )

I ´ (
p

¸ )
= ®;

from which, using the recursive relation [11, pg 110]

I ´ ¡ 1(s) + I ´ +1 (s) = 2 I 0
´ (s);

and the asymptotic behavior [11, pg 136]

I ´ (s) ¼
es

p
2¼s

as s ! 1 ; (40)

we deduce that for large
p

¸ one has¸ ¼ ®2.
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3. A very rigid search

De¯nition 3.1. Fix ® 2 R . A region ­ has the ®¡ subdomain monotonicity
property if for any D ½ ­ either ¸ D

1 (®) · ¸ ­
1 (®) < 0 whenever® < 0 or ¸ D

1 (®) ¸
¸ ­

1 (®) > 0 if ® > 0.

De¯nition 3.2. We say that a region has theuniform subdomain monotonic-
ity property if it satis¯es the ®-subdomain monotonicity property for all ® 2 R .

Thanks to our results in [5, 6], we know that n¡ dimensional balls have the
uniform subdomain monotonicity property. In the theorem below, we provide
another class of sets with such a property.

Theorem 3.1. Let A = A(0; r 1; r 2) be the n-dimensional annulus of center0,
inner radius 0 < r 1 < r 2, and outer radius r 2. Then, A has the uniform subdomain
monotonicity property.

Proof. Without loss of generality we can rescale length and assumer 2 = 1, 0 <
r 1 ´ b < 1. Due to the radial symmetry of the domain, the eigenfunctions verify
a one-dimensional eigenvalue problem:

8
<

:

Á00(r ) + n ¡ 1
r Á0(r ) = ¸ A

1 (®) Á(r ) if b · r · 1;
Á0(1) = ® Á(1);
¡ Á0(b) = ® Á(b):

(41)

Also, as mentioned already, the eigenfunctions are single-signed, we will work with
the normalized non-negative ones.

We will prove the theorem for ® < 0, the proof for the case® > 0 follows the
same line. To start our proof, we need to show that

¯
¯
¯
¯
Á0(s)
Á(s)

¯
¯
¯
¯ · j ®j for b · s · 1: (42)

The boundary conditions in (41), and the Intermediate Value Theorem tell us that
there exists at least oneb < s0 < 1 such that Á0(s0) = 0, that is Á as at least a
critical point. We claim that in fact there is only one critical point, and a t this
point Á has a local maximum. In fact, from (41), if r 0 is a critical point then
Á00(r 0) = ¸ A

1 (®)Á(r 0) < 0, that is Á has local maximum at r 0. On the other hand,
if there were two critical points since at these pointsÁ would have local maxima,
there should be a critical point in between whereÁ has a local minimum, which
is not possible.

Let s0 be the unique zero ofÁ0 in [b;1], then s0 is also the unique zero of
Ã(s) ´ Á0(s)=Á(s) in [b;1] and sinceÁ0(b) > 0, we have thatÃ(s) > 0 for b < s < s 0

and Ã(s) < 0 for s0 < s < 1. Moreover, a direct computation, and the use of (41)
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imply the following facts:

Ã0(s) = ¡
n ¡ 1

s
Ã(s) + ¸ A

1 (®) ¡ Ã2(s)

Ã00(s) = ¡
n ¡ 1

s
Ã0(s) +

n ¡ 1
s2 Ã(s) ¡ 2ÃÃ0:

It is then straightforward to see that if b · s · s0, then any critical point of
Ã is a local minimum, and 0 < Ã (s) · ¡ ®, while if s0 · s · 1 critical points are
local maxima and ® · Ã(s) · 0. Therefore, jÃ(s)j · j ®j for every s in [b;1].

Let D ½ A, for x 2 @D, we de¯ne

®¤(x) =
@ÁA1
@º (®; x)

ÁA
1 (®; x)

;

where º = º (x) is the unit normal at x to @D. Since the eigenfunction is a radial

function, we have r ÁA
1 (®; x) = Á0(r )

x
r

, and from (42) we derive

®¤(x) ¸
Á0(r )
Á(r )

x
r

¢º ¸ ¡

¯
¯
¯
¯
Á0(r )
Á(r )

¯
¯
¯
¯ ¸ ¡j ®j = ®:

Therefore , ÁA
1 (®; x) is a classical solution to

(
¢ ÁA

1 (®; x) = ¸ A
1 (®) ÁA

1 (®; x) in D;
@ÁA1 (®;x )

@º = ®¤(x) ÁA
1 (®; x) on @D:

SinceD is aC0;1 domain, classical results say thaţ D
1 (®) is the principal eigenvalue

of the eigenvalue problem, and it is given by the Rayleigh quotient, and we have:

¸ A
1 (®) =

R
@D®¤(x)

¡
ÁA

1 (®; x)
¢2

d¾x ¡
R

D jr ÁA
1 (®; x)j2 dx

R
D

¡
ÁA

1 (®; x)
¢2

dx

= sup
u2 H 1 (D ;R )

R
@D®¤(x) u2(x) d¾x ¡

R
D jr u(x)j2 dx

R
D u2(x) dx

¸ sup
u2 H 1 (D ;R )

®
R

@Du2(x) d¾x ¡
R

D jr u(x)j2 dx
R

D u2(x) dx
= ¸ D

1 (®):

The next result gives a class of sets without the uniform subdomain monotonic-
ity property.

Theorem 3.2. Let C be then¡ dimensional cube
Q

j =1 ;n [¡ a; a], a > 0. C does
not have the the®¡ subdomain monotonicity property for any ®.

Proof. Without lost of generality, we can assumea = 1. For ® > 0, we can simply
take the inscribed circle B . Since C is a convex polygon with all faces tangent
to B , by theorem 2.7 in [5] we have¸ B

1 (®) < ¸ C
1 (®). But B ½ C and we have

produced a candidate which contradicts the de¯nition of ®¡ subdomain.
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For ® < 0, we must be more careful because in the limit as® tends to negative
in¯nity, the Dirichlet problem satis¯es monotonicity constraints. We ¯rst loo k at
n = 2. We let D r = [ x 2 I B (x; r ), where the union is taken over I = f x 2 C :
d(x; C c) > r g. In other words, D r is the union of all balls distance r or greater
from the boundary. D r is formed from C then by rounding o® the corners. We
will show that there is an r , with r depending on® and possibly getting smaller
for ® going to negative in¯nity, such that ¸ D r

1 (®) > ¸ C
1 (®).

As in theorem 3.1, for x 2 @Dr we let

®¤(x) =
@ÁC1
@º (®; x)

ÁC
1 (®; x)

;

here, for x = ( x1; x2), the function ÁC
1 (®; x) = cos tx 1 costx 2 is the eigenfunction

on C, where 0< t < ¼=2 is such that ¡ t tan t = ® and ¸ C
1 (®) = 2 t2. Our goal

is to show that ®¤(x) · ®, for x 2 @Dr with ®¤(x) < ® on a subset of positive
measure, since this will imply the conclusion of the theorem thanks to the following
inequalities:

¸ C
1 (®) =

R
@Dr

®¤(x)
¡
ÁC

1 (®; x)
¢2

d¾x ¡
R

D r
jr ÁC

1 (®; x)j2 dx
R

D r

¡
ÁC

1 (®; x)
¢2

dx

= sup
u2 H 1 (D r ;R )

R
@Dr

®¤(x) u2(x) d¾x ¡
R

D r
jr u(x)j2 dx

R
D r

u2(x) dx

< sup
u2 H 1 (D r ;R )

®
R

@Dr
u2(x) d¾x ¡

R
D r

jr u(x)j2 dx
R

D r
u2(x) dx

= ¸ D r
1 (®):

On @C\ @Dr it holds ®¤ = ®, therefore we need to show that®¤ < ® somewhere
on the part of @Dr with curvature 1 =r. Symmetry considerations reduce the
problem to considering the behavior ofÁC

1 (®; x) on the arc

(x1 + r ¡ 1)2 + ( x2 + r ¡ 1)2 = r 2; 1 ¡ r < x 1 < r; 1 ¡ r < x 2 < 1;

so that º = < x 1 + r ¡ 1
r ; x 2 + r ¡ 1

r > and polar coordinates give the necessity of proving
¡
r ÁC

1 (®; x) ¢º
¢

=ÁC
1 (®; x)

´ ¡ t cosµtan( t ¡ t r + t r cosµ) ¡ t sinµtan( t ¡ t r + t r sinµ) · ¡ t tan t

for 0 · µ · ¼=2, with strict inequality for an open interval. Since equality is
achieved for µ = 0, µ = ¼=2, after dividing by ¡ t < 0 we need to have that for
µ 2 (0; ¼=2):

f (µ) ´ cosµtan( t ¡ t r + t r cosµ) + sin µtan( t ¡ t r + t r sinµ) ¸ tan t:

By continuity, we can pick r 0 > 0 such that for any 0 < r < r 0 ¯xed, it holds

f (¼=4) =
p

2 tan
µ

t + r
µ

t
p

2
¡ t

¶¶
> tan t;
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and it remains to show that for r small the function f (µ) is increasing on (0; ¼=4).
A direct computation yields

f 0(µ) = cos µsec2(t ¡ t r + t r cosµ) ( ¡ t r sinµ) ¡ sinµtan( t ¡ t r + t r cosµ)

+ cos µtan( t ¡ t r + t r sinµ) + sin µsec2(t ¡ t r + t r sinµ) ( t r cosµ)

= 1
2 t r sin 2µf¡ sec2(t ¡ t r + t r cosµ) + sec2(t ¡ t r + t r sinµ)g

+ f¡ sinµtan( t ¡ t r + t r cosµ) + cos µtan( t ¡ t r + t r sinµ)g

´ I + II;

but since on (0; ¼=4) it holds sin µ < cosµ and cosµ is strictly increasing we know
I > 0, and we just need to obtainII ¸ 0. This is equivalent to

cosµtan( t ¡ t r + t r sinµ) ¸ sinµtan( t ¡ t r + t r cosµ);

which on (0; ¼=4) is the same as verifying that

cosµsin(t ¡ t r + t r sinµ) cos(t ¡ t r + t r cosµ)

¸ sinµsin(t ¡ t r + t r cosµ) cos(t ¡ t r + t r sinµ):

Applying angle identities we rewrite the above as
1
2 cosµ[sin(t r sinµ ¡ t r cosµ) + sin(2 t ¡ 2t r + t r sinµ + t r cosµ)]

¸ 1
2 sinµ[sin(t r cosµ ¡ t r sinµ) + sin(2 t ¡ 2t r + t r sinµ + t r cosµ)];

thus, combining terms, we reduce our proof to showing that there isr > 0 small
enough such that for µ 2 (0; ¼=4) one has

(cosµ ¡ sinµ) sin(2 t ¡ 2t r + t r sinµ + t r cosµ)

¸ (cosµ + sin µ) sin(t r cosµ ¡ t r sinµ)

Multiplying by 1 < cosµ + sin µ · 2, and using the fact that for r small enough
sin(t r cosµ¡ t r sinµ) < sin(t r cos2 µ¡ t r sin2 µ), we just need to ¯nd r > 0 small
such that

(cos2 µ ¡ sin2 µ) sin(2 t ¡ 2t r + t r sinµ + t r cosµ) ¸ 4 sin(t r (cos2 µ ¡ sinµ));

or equivalently

sin(2 t ¡ 2t r + t r (sin µ + cos µ)
t r

¸ 4
sin(t r cos 2µ)

t r cos 2µ
:

But, since for r ! 0 the right hand side tends to 1 and the left hands side tends
to in¯nity, the theorem is proved for n = 2. If n > 2, we take the projection of
C on its two ¯rst coordinates in R 2, this will be a convex polygon in R 2, from
which we can build the setD r has done above. The setD r £ [¡ 1; 1]n ¡ 2 will be a
counterexample to domain monotonicity for C.

The geometry of domains with domain monotonicity for subdomains can be
characterized via the so-called Cheeger constant.
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De¯nition 3.3. The Cheeger constant C(­) of a domain ­ ½ Rn is de¯ned
as

C(­) := inf
D

j@Dj
jD j

; (43)

where the in¯mum is taken over all subdomainD with @D\ @­ = ; : We say that
! ½ ­ is a Cheeger domain of ­ , if j@!j=j! j = C(­) .

De¯nition 3.4. A domain ­ is called calibrable if it is a Cheeger domain of
itself, [1].

Calibrable domains arise naturally in the study of the capillary problem without
gravity and in the Minimizing Total Variation Flow. For example, the capi llary
problem without gravity, which amounts to the analysis of

8
><

>:

¡ div
µ

r up
1+ jr u j2

¶
= j@­ j

j ­ j in ­ ;

¡ r up
1+ jr u j2

¢º = cos ° on @­ ;

has a solution for every contact angle° 2 [0; ¼=2] if ­ is calibrable, [1].

Theorem 3.3. A domain ­ which has the uniform monotonicity subdomain prop-
erty is calibrable.

Proof. Let ® < 0, and considerD ½ ­. By hypothesis we know ¸ D
1 (®) · ¸ ­

1 (®) <
0, thus dividing by ® and applying Corollary 2.4 we see that

j@Dj
jD j

= lim
®! 0

¸ D
1

®
¸ lim

®! 0

¸ ­
1

®
=

j@­ j
j­ j

:

Taking the in¯mum over D implies C(­) ¸ j @­ j=j­ j. Since, the inequality in the
other direction is always true we conclude that ­ is calibrable. The case® > 0 is
analogous.
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