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Problem and Historical Background

Let © c R? be a bounded domain. Consider
the two classical problems:

e Fixed Membrane Problem:

—Au=Au in 2 (1)
u=0 on 022

Eigenmodes: 0 <A1 <A < A3 < -
Eigenfunctions: wq,uo,us, - -.

e Free Membrane Problem

—Av=pv in QCR? (2)
9v =0 on 0X2
on

Eigenmodes: O =pu; < pup < puz < ---



One can characterize these eigevalues using
the Rayleigh-Ritz principle:

Ja |Vo|2dz
Jq ¢2dx

Ap+1 <
subject to
wu;dr = 0
| oui
for.=1,2,...,k.
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where Oy = — = volume of the d—Ball.
r(d/2+ 1)




Polya Conjecture: (Patterns of Plausible Rea-
soning, 1954): For k=0,1,2,---
k2/d

P41 < 574 = Mk (4)
(Lg 4l2)

Proved by Pdlya (in a paper dedicated to Weyl,
1961), for tiling domains.

Friedlander (1991) settled conjecture of Payne
(1954): For Q c R% with smooth boundary;

P41 < Ak (5)



Focus today: Inequalities for A\g, Agt1/A1, Ag/A;,
and the like.

We are also interested in inequalities for Rs(2),
when z € R.

The ramp function z4 = max(0, x)

The Counting function:

N(z)= ) 1= sup k.

By convention, this is sometimes written as
N(=) =3 (= = )Y
k

This parallels the definition of the Riesz mean
of order o > 0O

Ro(2) =3 (2= MG
k

In fact the two are related by the Riesz itera-
tion (also called Aizenman-Lieb procedure)

Ro(2) = a/OOO (= — ) I N(#)dt.



In fact:

N(c+d6d+1)
Mo+ 1) ()

Ry45(z) = /OOO (z — t)(fl__l Ry (t)dt.

See: “Typical Means” by Chandrasekharan
& Minakshisundaram (1954).

Weyl Asymptotic

Note that the Riesz iteration of the Weyl asymp-
totic immediately gives the statement, also as

<z — OQ.

Ro(2) ~ LG 4 || 2019/2, (6)
where the classical constant is now given by

(14 o)

LCl — .
7T (4my2 T (1 + o 4 d/2)




Applying (heuristically) the Laplace transform
to (6)

L = [ f()ea
one obtains

00
Q2
Z(t) — Z e—)\ktN | |
k=1

(47‘(‘t)d/2.

z — oo corresponds to t — 0+

The Berezin-Li-Yau inequality

Theorem (Laptev-Weidl). For o > 1, one has

Ro(2) < LG 4 |92| 27192, (8)



Berezin-Li-Yau is a consequence of the o = 1
case of the Laptev-Weidl Theorem:

The Legendre Transform

A7) = sup (w = = £(2)).

[w]
/\{ Z (z = Aj)y } = (w— [w]) Apj41+ Y A

j=1

d w1—|—2/d
14d/2\ _ —2/d
/\(cz / ) _EC / (1_|_d/2)1+2/d

f@) < g(@) = A f}(w) > Mg} (w)



Theorem (Harrell-H.). For o > 2 and z > A1,

Roa(@ > (145-) T Boa). (9)

d\ 1
R,(2) > (a + 5) = Ry(2).  (10)
4
and consequently
Ra(z>
z0+%

IS @ nondecreasing function of z.

Note that R's(z) = 0 Ry_1(2).
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Theorem (Harrell-H.). For 0 < o <2 and z >
A1,

R > (1+5) T R, (D)

d
Rp(2) > (1 + Z) T Re(z).  (12)
y4
and consequently
Ra(z>
o+

IS @ nondecreasing function of z.
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Immediate consequence of the new monotonic-
ity principle (for ¢ > 2): Weyl Asymptotic +
Monotonicity = Laptev-Weidl Inequality.

e \We know from the Weyl law that

R
“(Zd) L 19
202 ’
as z — 0o. Since R"—fj} IS @ nondecreasing
oTo
function, it is less tzhan its limit for all finite

Z .

e [ he difference inequality can be rewritten
in the form
Ry 1(2) _  Ro(2)
.

> (13)
o—145 Lgdza+§

cl
LJ—Ldz

T his follows from
d
l _ l
Lo 14= (1 + —20> Lg 4-
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Inequality (13) is a refinement of the the Aizenman-
Lieb inequality, at the level of ratios rather
than their suprema.

So, for z > 290 >0

Re-1(2) _ Ro(2) _ Rol2)
d — n — d”’

Send z — oo, and apply Weyl to obtain Berezin-
Li-Yau, once more.
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Observe:

e Statement (9) can be reworded in the fol-
lowing terms:

For (11), i.e., for 0 <o < 2,

%(Z—Aki_é

PRV CEDYS i
k

SN

e 0 = 2 = o > 2 (This is Riesz iteration
as described above, but I will describe a
proof solely based on the trace identity (or
sum rule) of Harrell-Stubbe with which we
obtain the above theorems all at once.)
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Case o = 2 was proved by Harrell-Stubbe
(1998) (see also Levitin-Parnovski, 2001)

Note that these statements contain the in-
equality of H.C. Yang (1991)

k
PPV CYEREEDY)
i=1

&l d

k
> Apg1 — A)?2 <
i=1

For o > 2, the statement reduces to (see
Ashbaugh-H., Harrell-Stubbe)

k k
20 _
> (k1 — A7 < — > N1 — A7
i=1 i=1

Note also that for 0 <o <2

k k

S a1 =27 <= Y MO — A7
i—1 i=1

SUIIE
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The above statements contain the following

classical inequalities as corollaries.

e PPW (1956)

e H.C. Yang 2 (1991/1995)

Ak+1 < (1 + g)xk

e PPW

A 4
i:l < (1 +g)

(14)

(15)
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e Ashbaugh-Benguria (91, 92, 93)

A Jg "
22" o (.;”2’1 ) . (16)
A1 Jaj2—1,1

While optimal for low-lying eigenvalues, (16)

iIs not of Weyl-type since the right side
of the inequality behaves like k5-77078/d 4g

k — oo.

e Ashbaugh-Benguria (89): The eigenvalues
of the Schrédinger operator —d?/dz24+V (z)
acting on L2(I), for a closed interval I C
R for Dirichlet boundary conditions at the
endpoints of I, and for V € L1(I) and V >
O a.e. on I, satisfy

Ak g2

A1
This bound is optimal, and for kK > 1, equal-
ity obtains iff V =0 a.e. on I. For 5 <k,

2
ﬁ<m.
)\j_j
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e Weyl-type bound (H., 2004, TAMS to ap-

pear)
A\ d 2/d
AL <1 4 (1 + —) H2M 2 (17)
A1 2
and
- 2/d
H
o4 d g2 (18)
where
2d
H; = (19)

> 5 . :
]d/2—1,1Jd/2(]d/2_171)

As usual, jap denotes the p-th positive zero of

the Bessel function Jo(x). Generalization and

new proof by Frank, Laptev and Molchanov

(2006). We have yet another independent proof
based on the Bethe sum rule

Z ()\k — )\J) | /Q ukujemgdaﬂz — |£|2

k
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e Cheng and Yang (2007)

)‘k—l—l ( 4) 2
< (1 — | kd. 20
Lo (142 (20)

More generally,

A 2
‘;“ < Co(d, k)kd. (21)
1

For instance, for kK > d+1, Cheng and Yang
improve (20) to

A1 4 8 8 \: 2
o §(1+d) <1+d+1+(d+1)2> (d+1)77 k.
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New results (Harrell-H.)
e Fork>32>1,
4\ (k4
Ait1/Aj < (1 + E) (;) : (22)

d
o For k> jii—Q, the means of the eigenvalues

of the Dirichlet Laplacian satisfy a univer-
sal Weyl-type bound,

145 |2
. 1+ ¢ d (L\d
A/ < 2 4 S 23
b/ A7 S (1—%3) (j) (23)

(d+1) (1+2)
1+4¢

w+5< (d+ 4) )L%kﬁ

o For k >

MALS T G D+ 2)
(24)
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Where do these come from?

All are consequences of the monotonicity prin-
ciple via direct comparison, or through a Leg-
endre transform, or through a refinement, us-
ing another inequality of Ashbaugh and Ben-
guria which is tied to the dimension d:

- 4
A A<l —.
d+1/A1 < +d+1

Cor.

o For 1 <o <2and z> (14 29F2) )\,

d
(20 +2)7d> /\Igz‘”“ , (25)
(d+ 20 +2)7T2

Nl

Rs(2) >

o For 0< o<1, z> (14294 )\,

d
(1+9) @otayHla g o
1

NI

Rs(2) >

(d+ 20 + 4)7T1+5
(26)
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For convenience we collect the most important
cases o = 0,1, which simplify to

Ri(2) > (1 + é) —Ra(z) > MI;Z 2,
4 ) z >

and,

d\? 1 z :
N(z) = Ro(z) > (1 + Z) ;Rz(z) > <<1 n ﬁ) )\1> :
d

To obtain the Cheng-Yang bound, simply let
z approach Apy4 ;1 from below.

These bounds compete with (Harrell-H.)

L4 T+ o) (1 +d/2)

1 . o+d/2
R,(z) > H; ')\ Flto1d/2) (z—A1) 77,

valid for o > 1, where H,; is defined as above.
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Cor. Suppose that z > (1 + %) X;. Then

j22ts
Ro(z) > 7 (27)
(+ 4 (1 +4) %)
T herefore,
d
Ri(z) > = - (28)
(1+4) (1+3)%)°
and

N(Z)Zj(( & ) (29)
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Proof of the first statement. Let j be the
largest such that >\j <z < >‘j—|—11 then

Ro(2) = j (22 — 222 + A_f) . (30)

For any integer 5 and all z > Aj,

Ro(2) 2 Q(z,4) 1= j (+* = 223+ X3)

By monotonicity, for z > z; > A;,

2\t
chz)z@(z-,j)(;) SN CED

J
Also, by Cauchy-Schwarz A_jQ < A_f SO
. . ~—\2 , 1o 2
Q(z,7) =J ((z - X)) HFA =N )
, 2
> (z—)\j) . (32)

) %

<

Choose zj = (1 —

b

24



The statement which interpolates between average-
Yang and Cheng-Yang, i.e.,

M1/ < (145) @5

is automatic if A\q1 < (1—|—%) X;. Suppose

to the contrary that \jyq > (1 —|—%) Nj. As z
increases to Agy41, (29), i.e.,

Vo2 ()

becomes valid and in the limit reads
d

k> | Dkl ’
2\ a+ox)

which when solved for \;41/); yields the claim.

NI
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Applying Legendre

For z > (1 + %) X;, we have proved

Ri(z) > /=

L+ (+ DR

From which one gets, upon transforming

_|__
2 (144N .,
(w — [w]) A1 + [wW] Ay < (1 L 4) A wit
1+2
1+4
if we let w approach k from below, we obtain

from (33)

142
o [144 d 2
Mo+ (B— D1 < ta Nk
1+ 4

Foranywletk—1<w<k1fk>] and

2
qd
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1+4

Where is the condition k > j1+%

coming from?

Legendre transform is about maximizing

AlfI(w) = wz — f(2)

for

f(z) =

NI

(1+8) (1+3)%)

The maximizer zy4 is such that

d
, 1+% 2 2

w = j — |, (33)
(1+Zl) ((1+§) /\7')

27



Comparison with Previous Work

d=4
/Ay
151
— 14 H)
10 — (4
: — 42 (C-Y)

5 A-B

0 : ! ! ! !

I I I I I I I I I I I I I I I | I I I | I I I I
0 20 40 60 80 100 120 140

Bound for \./)\;1 as a function of & (d = 4).
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— 13 A-B)
d=3
W
14} —  ancv
12}

[ R 1.10) (Weyl
10/ (110) (Weyl)
6
2f //

0: “““““““““““““““ K

0 2 4 6 8 10

Ashbaugh-Benguria vs Cheng-Yang for low k
values (d = 3).
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Sketch of Proof of Main T heorem

Lemma 1. (Trace Identity of Harrell-Stubbe)
Denoting the L2-normalized eigenfunctions of
the Laplace operator {u]} let

_ |9y ’
Ta]m 67aaum
for 3, m = 1, and o« = 1,...,d. Then for
each fixed «,
_ )\ o . . )\m o
RU(Z) = 2 Z (z ])+ (Z )+ Tajm
Am — N
JmiNFE A
— X\ o
+ 4 Y %Tajq. (34)
Gan<z<y, 1Y

Lemma 2. Let O<z <y and ¢ > 0. Then

ya_xa

<Co(y'4+2771),  (35)
Yy—x
where
3, if0<o<1
Co =141, ifl<o<?2
5, if2<o0<oo.
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Let the first term on the right of (34) be

z2—A)% — (z— )
G(o,z,a) := 2 Z ( DE )+ Tojm.-
j?m'Aj#Am
G(o,z,a) =2 Z (2= X)" = (2 ) .

ogm
TN <z, FE A (z = Aj) = (2 = Am)

<20, Y, (=27 + (2= 2n)7) Tum

by symmetry in 3 < m.

Now, extend the sum to all m, subtracting the
same quantity from the final term in (34), we
find

Ry(2) <4C, Y (2= )T ! Tajm + 4H(0, 2, ),
J:A<z,allm

(36)

where

H(o,z,a) := Z Thjq (2 — )\j)a_l (

j)q:)‘jgz<>\q

(z = A)) = C5 (A = Nj)
>‘q_>‘j )



Next observe that because {um} is a complete
orthonormal set,

S T, —-‘auj 2
— o)m axa )
and thus
p)
Y Tojm = [[Vu;ll5 = ;.
m,o
Therefore, averaging over a = 1,...,d in (36),
one obtains
40, . 4
Ro(2) < — ;cz—/\m 1/\j+E;H(o,z,a>,
or, since

Z (2= AT = 2Ry-1(2) — Ro(2),

42C. 4 A
- GRJ—l(Z) S E Z H(O’,Z,Oé).

a=1
(37)
31
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<1 —+ ) Ro(2z)—



We consider three cases:

Casel. 1 <o < 2. In this case C; = 1 and
H(o,z,a) <0, establishing that

4 4
(1 n 3) Ro =~ Ry 1(2) 0,

Casell. O<o<1.

Since the sum defining H runs over \q > z,
(z — >‘j) — Cy (>‘q - >‘j) < (>‘q - Aj) —Cy ()‘q - )‘j)

< =1-C,.
Ag — >‘j Ag — >‘j
T herefore
o—1
H(O’,Z,CM) < (1_00') Z Tozjq <Z_>\]>_|_ )
jaq:)‘qzz

and since in thiscase 1 -Cs=1—-0/2 > 0, we
may extend the sum over all ¢, obtaining

d

> H(o,z,0) < (1 - Co) YA (5 )

a=1 J

o—1

_|_
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Substituting this into (37), there is a cancel-
lation of the C,;’'s, and we again obtain

4 4
(1 + 5) Ro—="R,1(2) <0,

Case IIl. o > 2. Arguing as in Case II, we come
as far as

o—1
H(O‘,Z,Oé) < (1_C0) Z Tajq (Z_)\J) ’
j,q:)\j§2<>\q

but since now (1-Cy) = 1—0/2 < 0, we cannot

extend the sum in g to simplify Tojg and only
conclude that
4C 4-C
(145 Re = 7R, 1(2) <0
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Trace identities of the type derived by Harrell-Stubbe,
and later generalized by Levitin-Parnovski, proved to be
a very efficient procedure to produce universal Yang-
type bounds for eigenvalues of the Dirichlet Laplacian.

In this talk we show how these identities can be used
to produce new universal Weyl-type bounds for aver-
ages of eigenvalues, and provide alternative routes to
the Berezin-Li-Yau inequality as viewed by Laptev and
Weidl.

This is joint work with Professor Evans Harrell of Geor-
gia Tech.

A preprint is available at http://lanl.arxiv.org/abs/0705.3673
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