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Euclidean Case

The Big Picture

— Kn S

Goal: Given a hypersurface S C R", determine
how the surface evolves when each point £ moves
in the direction of its inner unit normal —n with
speed given by its Gauss curvature K.



Euclidean Case

Examples




Carnot Groups

e A Carnot group G of step »r > 1 is a simply
connected nilpotent Lie group whose Lie alge-
bra g admits a vector space decomposition in
r layers

g=V1 Vo D--- D Vp

4 | |
Allowed Forbidden!

having the properties that [Vq,V;] =V, 4,
j=1,...,r—1land [V,V;]=0,j=1,...,r and
which is equipped with a Carnot-Carathéadory
metric, doco, which measures the distance be-
tween points as the minimum length of the
horizontal paths connecting the points.

o Let m; = dim(V;) and let X, ; denote a left-
invariant basis of V; where 1 < j <r and



Carnot Groups

e Exponential coordinates:

exp(xX) — (Il,].? vy Lmq, 1, L1250 - 733777/7“,7")

e Given doc we can define an equivalent gauge
norm on G given by

1
I\ 271

2lg=| 3 (Y |xz,]|2>‘7

1=1

e For each X ;, there exist polynomials ay, (m)(x)
s.t. we can write

m 9
Xij(@) = 2. apgi(@)5—
k=1

Zi,j



Carnot Groups - Notation

e [ he horizontal gradient of uw is given by

mi
Dou = Z (X@j’tb)X@j c R™1,
=1

e [ he horizontal Hessian of uw is given by

2 m m
D2y = (X- X, ) R™1 % R™1
oY L1 ) < iomy ©

e [ he symmetrized horizontal Hessian of w is
given by

(D8u)* = % (Dgu + (Dgu>T) .



An Example - H!

0 1 0
X11= 57— — %257 —
o, 2 2013
0 1 0
Xo1 =7 T %15 —
dzo 219

0

X190 = D

e V1 =Span{Xj1,X5 1} and Vo = Span{X; 5}

A

)

[Reference: An introduction to the Heisenberg group and the sub-Riemannian
isoperimetric problem by L. Capogna, D. Danielli, S. Pauls, and J. Tyson]



Carnot Group Case

The Big Picture

—Kv S

Goal: Given a hypersurface S C G, determine how
the surface evolves when each point x moves in
the direction of its inner unit horizontal normal
—v with speed given by K, the sub-Riemannian

analog of the Gauss curvature.



Carnot Group Case

Horizontal Gauss Curvature

o K = det((IIp)*)

e For a sequence [I; of Riemannian second fun-
damental forms corresponding to a sequence
of approximating metrics, I1;, restricted to the
horizontal tangent space converges to (IIp)*
as L — oo.

[Reference: Minimal surfaces, surfaces of constant mean
curvature and isoperimetry in Carnot groups by D. Danielli,
N. Garofalo, and D.-M. Nhieu [2001] and Convexity and a
Horizontal Second Fundamental Form for Hypersurfaces in
Carnot Groups by L. Capogna, S. Pauls, and J. Tyson[2006]]



Carnot Group Case

The Level Set Method for Graphs

So={(z,s) e G xR :ug(x) —s =0}
St ={(x,s) e G xR :u(x,t) —s =0}

Yt X quXiq — %
V1 +|Doul?

U=

K(z,s,t) = det((IIp)*)

The function v : G x [0,00) — R used to describe
the surface S; is the solution to the problem:

det ((Dgu)*)
(Vi+ |Dou|2)m+1

u(z,0) = uo(x) (2)

(1)

Ut —




Carnot Group Case

Viscosity Solutions

ut = F(Dou, (Dgu)*)

Definition. An upper semi-continuous function
w is a viscosity subsolution if for all ¢ € M21(G x
[0,00)) such that uw — ¢ has a local maximum at
(zo,tp) € G x [0,00) we have

wt(z0,t0) < F(Dow(zo,t0), (Dge(x0,t0))*).

Definition. A lower semi-continuous function u
is a viscosity supersolution if for all ¢ € F%L(R" x
[0,00)) such that u — ¢ has a local minimum at
(zo,tp) € G x [0,00) we have

wt(zo,t0) > F(Dop(zo,t0), (D§e(z0,t0))*).

Definition. A function u is a viscosity solution if

* ST e a,—1
uw(x,t) = ITIIB Sup{u(y, s) |y Tx|lgt+|s—tl < 7“}

IS a viscosity subsolution and
us(z,t) = lim inf{u(y,s) y el 4 s — 8] < r}
rlO

IS a Viscosity supersolution.



Carnot Group Case

Modified Problem

Our PDE is
det ((Dgu)*)

(Vi+ |Dou|2)ml+1

Ut —

Only if M, N are positive semi-definite and M < N
do we have that

F(p,M) < F(p,N)
Instead we consider,

det 4 ((D2u)*)
(Vi+ |Dou|2)m1+1

w = F(Dou, (Dgu)*) = (3)

where

dety ((Dgu)*) = nﬁ max{\;,0}.
1=1



Carnot Group Case

Why don’t the Euclidean theorems apply?

F(Dou, (Dgu)*) = F(=z, Du, D?u) is not degenerate
parabolic in the Euclidean sense.

Development of New Viscosity Theory

Main Theorem. Let hg € C(G) be such that

ho(z) > eolz|2" Vo € G
for some gg > 0.Let ug € C(G) be such that

sup lug(z) — ho(x)| < o0

and for each € € (0,1) there exists a constant B: >
O such that

ug(z) — ug(€)] < & + Beho(¢ ')
where hg € C?2 is a function satisfying
C > F(Dohg, (D§ho)*)

for some constant C > 0 and hg(0) = 0. Then
there is a viscosity solution v € C(G x [0,0)) of

( 2., \*
U = det_|_((DOu?mz+1 in G x (O, OO)
(\/l+|DOU|2)

| u(z,0) = ug(x) forx e G

\




Carnot Group Case

Method of Proof

e Perron’'s Method

— @Given a subsolution w and a supersolution
v such that u < v on G x (0,00), Perron’s
method yields that

w(x,t) : = sup{h_(:z;,t) . h_ is a subsolution
of (3]) such that h_ < ’U}
is a solution to (3)).

— The idea of the proof is the same as in
the Euclidean case; the technical details are
slightly different.

— Replace the Euclidean derivatives with hor-
izontal derivatives and the Euclidean norm
with the gauge norm.

[References for Euclidean proof:User’s Guide to Viscosity Solutions of
Second Order Partial Differential Equations by M. Crandall, H. Ishii, and
P. L. Lions, Surface Evolution Equations: A Level Set Approach by Y.
Giga, and Uniqueness and Existence of Viscosity Solutions of Generalized
Mean Curvature Flow Equations by Y.-G. Chen, Y. Giga, and S. Goto]



Carnot Group Case

Method of Proof

e Comparison Principle

— Suppose u is a subsolution and v is a
supersolution of ([3)) such that w and v sat-
isfy appropriate growth conditions on G x
[0,00). If

u(x,0) <wv(x,0) forallz e G

then

u(z,t) <wv(zx,t) for all (x,t) € G x [0, 00)

— The challenges for the Carnot group case
lie here!

e Combining these we are able to obtain the de-
sired continuous solution.



Carnot Group Case

Comparison Principle - What has been done?

e EXistence of viscosity solutions to parabolic
equations in Carnot groups has been shown for
bounded domains and functions F' that satisfy
the property that there exists a function
w : [0,00] — [0, 0] with w(04+) = 0 so that

[F(p, M) — F(p, N)| < w(||[M — NJ|)
where
|M—N| = sup{|A| : A is an eigenvalue of M—N}

[Thomas Bieske for H1!, dissertation and Juan
Manfredi, 2004] .

e EXistence of viscosity solutions to degenerate
elliptic equations in Carnot groups has been
shown for bounded domains [Changyou Wang,
2003].



Carnot Group Case

Summary of Difficulties

e Our domain G is unbounded.

2, \x
det (Dgu) >+1 does not
2\
(\/1-|-|DOU| )
satisfy the property that there exists a func-
tion w : [0, 0] — [0, 0o] with w(04) = 0 so that

o F(Dou, (D3u)*) =




Carnot Group Case

Comparison Principle

Theorem. Let hg € C(G) be such that

ho(z) > eolz|2" Vo € G

for some g > 0. Suppose u is a viscosity subsolu-
tion and v is a viscosity supersolution to

det 4 ((D2u)*)
(Vi+ |Dou|2)ml+1

Ut —

such that

u(x,0) <v(z,0)Vx e G

and that for each T" > 0

sup  (lu(z,t) — ho(z)| + [v(z,t) — ho(z)]) <oo.  (4)
(z,t)eGx[0,T]

Then for any 0 € (0,1) the inequality
u(zx,0t) <wv(z,t) holds for all (z,t) € G x (0, c0)



Further,

1. if we assume that « is continuous in t then
u<vonGx]|[0,c0).

2. for more general viscosity solutions, if we as-
sume that hg € C2(G) and

det D3ho(x) < C(14|Dohgo(x)[?)™MT/2 vz € G

for some constant ¢ > 0 and that for each
e > 0 there exists a constant R = R(e) > O
such that for all z € G, if |z|g > R then

u(z,0) —e < ho(z) < v(z,0) + ¢,
then u <wv on G x [0, c0)

| v(x,0)+£
//\/
//\/ u(x,0)—¢

B
L




Carnot Group Case

T he Comparison Principle Simplified

Let Q C G be a bounded domain and @, v € C%1(Q)
such that « is a subsolution and v is a supersolu-
tion to wy = F(Dow, (Ddw)*). Suppose & < v on
Q x {0} and on 92 x [0,T). Then u(x,t) < v(x,t)
on Q2 x [0,T).

Proof.
Since @ € C%1 is a subsolution, for ¢ > 0 u =
U — i € C2:1 is a subsolution and satisfies

ur < F(Dou, (Dgu)") = .
Since v € %1 is a supersolution, we have
vy > F(Dov, (D3v)*).
Suppose

sup u(z,t) —v(x,t) =u(z,t) —v(z,t) > 0.
Qx(0,T)



Then
Du(z,t) = Dv(Z,1)

’U,t(fﬁ, i\) — ’Ut(i, E)

D?u(z,%) < D?u(%, %)

Dou(Zz,t) = Dov(Z,1)

(Dgw)*(&,7) < (Dg)*v(, 1)
This, combined with the degenerate parabolicity
of F gives the following at (z,1)
0< 5 < F(Dou,(Dgu)*) - F(Dov, (DGv)*) — us + vy
= F(Dou, (D§u)*) = F(Dov, (Dv)*)

< F(Dgv, (D3v)*) — F(Dgv, (D3v)*) = 0



Carnot Group Case

Comparison Principle - Outline

e Require growth conditions on « and w.

e Use sup/inf convolutions of v and v.

e Apply Jensen’'s Maximum Principle.



Carnot Group Case

Comparison Principle - Proof

e Fix 8 € (0,1) and T' > 0. Then we need to
show

u(x,0t) < v(x,t) V(x,t) € G x [0,T).

e Let e (0,1) such that 9~ (m1—1) < 1. Then
W = pu(x, 6t)

IS a viscosity subsolution and WLOG we just
need to show

w(x,t) <v(x,t)V(z,t) € G x [0,T).

e By the growth constraints, there exists Cp > 0
such that

@(x,t) < v(z,t) — (1 = peolz[;" + 2C0.
T herefore, there exists R > 0 such that

w(z,t) <v(x,t) on (G\B(0,R)) x [0,T).



e Defining

g
T —t
we see that w is a subsolution to

w —w —

E
wy < F(Dow, (Dgw)*) — )
with the property that
lim w(x,t) = —oo uniformly on B(0, R).

t—T
T hus showing our claim for w and lettinge — 0O
will yield the desired result.

e Suppose, to obtain a contradiction, that
sup (w —v) > 0.
B(0,R)x[0,T)
By construction, this means such a supremum
must occur inside the cylinder B(0, R) x (0,T).




e Let £ > 0 and define for (z,t) € B(0,R) x [0,T)

g 1 — T
= s fus) - o (e - s |
(y,5)€B(0,R) x[0,T) €
and
| 1, 1 o
v(a,) = _inf {v<y,s>+—<|y 12 !+\t—s\2>}
(y,5)€B(0,R)x[0,T) 2e

e Wang showed that w®, —vs are semi-convex,
w®, —ve are Lipschitz with respect to |- |g+ -],
w® — w, ve — v pointwise as € — 0, and that
w® is a subsolution and ve is a supersolution on
Be: x [0,T): where

B. = B(O.R): inf |y 'z > (14+2R
€ {336 (7 ) yedB(0.R) ‘y CB’g _( + 0)6}

[0,7). = {t € [0,T) : infT} |t —s|? > (14 2Ro)e}
se 0,

with

Ro = max{||lw||=(B(0,r)x 0,1 1Vl L=(B(0,R)x (0,7)) }



e For £ small enough and k£ large enough,

1
sup (w® —ve — —t) > 0.
B(0.R)x[0.T) k

occurs inside the cylinder B(0,R) x (0,T) at a
point (zx,tx).

e It follows that for all o > 0

1 1
max (wa(a:,t) — ve(x,t) — — <|:U,;1:1:|§T! + |t — tk|2) — —t)
o

B(0,R)x[0,T) k
occurs at (z,t7) € Be x [0,T)c for ¢ small
enough.



e Noticing that this function is semi-convex for
each o and each ¢ small enough, we may ap-
ply Jensen’s maximum principle to obtain a se-
quence

{(yl“’]’C sl“’k)} such that

(yla’k,s?’k) — (x7,t7) as Il — oo

and a sequence

1 1
{(a?",67F)} satisfying |af"|y < o b7 < .

such that
1 1
ws(x,t)—vg(x,t)—;(\a:glx|§r!—|—|t—tk|2)—|— < a?’k,x >, —|—bla’kt—Et

attains a maximum at (yf’k sla’k) and is twice
differentiable (in the Euclidean sense) at (yf’k, s?’k).



e Computing derivatives and utilizing the parabolic
nature of F' and the boundedness of our cylin-
der, we obtain

0<d < F(Dowg(yla’ *y — Do(\:c,zlyf”"\z’"') — (a7")m,

(DB, 7)) = = (D3 o ) )
— F(Dow (5*, 57, (D3ws (7", 571)) )
SR I CAE

e Taking the limits as k,l,0c — oo, we obtain a
contradiction.



Open Problems

e Regularity of solutions (for graphs)

e Comparison principle, existence, etc. for
general level sets

e Gauss curvature flow for more general
sub-Riemannian structures

— Boundaries of strictly pseudoconvex domains
in C"

— Roto-translation group



