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Abstract This paper begins with a review of some classical work of Landau, Slepian,
Pollak and Widom concerning essentially time- and bandlimited signals and ends re-
viewing some recent work of Candeés, Romberg and Tao that places specific but prob-
abilistic limitations on essential time- and bandlimiting for finite signals and their
discrete Fourier transforms. In between we outline some conceptual bridges from the
continuous, singleband setting to the finite, multiband setting and pose a number of
open problems whose solutions would solidify the connections outlined. These connec-
tions involve time-frequency localization of multiband signals and sampling theory for
such signals.

Keywords Sampling - multiband signal - time-frequency localization - uncertainty
principle

1 Introduction

This paper reviews some connections between sampling and time-frequency localization
both in the case of the real line R and in the finite setting, and poses several open
problems. We will be concerned primarily with multiband signals. Fundamental issues
in this context include interpolation from samples and dimensionality of the space
of essentially time- and bandlimited signals. Practical issues include the increase in
complexity that comes with dispersion of frequency support and the extent to which
a finite signal spectrum can serve as a model for the spectrum of an analogue signal.
We will only address these practical points superficially but they underlie the problems
relating sampling and time-frequency localization that are posed here. To help focus
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on technical methods, we will systematically avoid several importantly related topics.
Specifically, we will not discuss phase-space counterparts of the time-frequency theory
or reproducing kernel Hilbert space counterparts of the sampling theory.

The paper is organized as follows. We begin reviewing the work of Landau, Slepian
and Pollak [35,28,29,32] — the so-called Bell Labs theory — concerning “time- and
bandlimiting” (see also [22,24,34,26]) in Section 2. The Paley-Wiener space PW con-
sists of those functions in L2(R) whose Fourier transforms vanish outside the set
[—1/2,1/2]. We normalize the Fourier transform so that f(£) = s f(t)e™2mE gt

for f € L' N LQ(R). For f € PW one can ask how much of the energy of f can be
concentrated in a given time interval I. This energy concentration depends only on
|I]. Let P denote the orthogonal projection onto PW and denote by Qr the opera-
tor Q7 f(z) = f(2)1{_7/2,1/2)(x) Where Lg denotes the indicator function taking the
value one on S and zero off S. The energy concentration problem amounts to that of
finding the norm of the self-adjoint operator PQ7 P and was addressed in the Bell Labs
theory. Subsequent work of Landau and Widom addressed eigenvalue asymptotics in
the corresponding case of time- and bandlimiting to unions of intervals. Their work
will be reviewed in some detail in Section 3. Landau and Widom’s theorem (Theorem
3) says that, in an asymptotic sense, the dimension of the space of functions that are
essentially time- and bandlimited to sets S (in time) and X (in frequency) is essen-
tially the area |S||X| when S and X are finite unions of intervals. Before outlining
Landau and Widom’s work, though, we will present some later work of Landau [27]
showing that the number of eigenvalues of PQ7 P larger than 1/2 is essentially the
time-frequency area T'.

The discussion of the Bell Labs theory will be followed briefly in Section 4 with
an outline of issues pertaining to the connection between finite and analogue settings,
including a discussion of estimates of Auslander and Griinbaum [2] quantifying the
sorts of errors that arise when passing from analogue signals to certain finite models.
After this we review in Section 5 work of Candés, Romberg and Tao (CRT) in [8,9]
that addresses a problem somewhat parallel to that of the multiple interval eigenvalue
estimates of Landau and Widom, but in the finite setting and with an emphasis on
sparsity of time and frequency supports. The CRT result is essentially that, for large
N, given subsets S and X now of Zy, if the counting measures |S| and |X| of S and
X are small enough then, with high probability, the time-frequency localization matrix
Agy = ]l_g]-'];ll;]:N]lS will have norm less than 1/2 (cf. [8]). Here, 1g denotes the
operator of multiplication by the characteristic function of S and Fx denotes the N-
point discrete Fourier transform (DFT). In this setting one can think of S as being
fixed and X as being randomly generated from the collection of all subsets of Zy of
a fixed size. Candes et al. were motivated by a desire to quantify the sense in which
signals having sparse frequency support can be recovered exactly from a small number
of time samples according to an 0 -minimization criterion. But their result (Theorem
6) also sheds light on the sense in which the “area formula” given by Theorem 3 breaks
down when the frequency set is highly disconnected. We will review the CRT methods
for estimating the norm of Agy in some detail in Section 5 and further in Appendix
A, including further commentary on the relationship between the finite and continuous
settings.

The sampling theorem is the cornerstone on which the connection between analogue
signals and their discrete (infinite) counterparts is based, and the Nyquist rate provides
an informational basis for this connection. The classical sampling theorem attributed



to Shannon, Whittaker and many others (e.g., [16,14,43]) states that for any f € PW
one can write

Ft) =" flk)sinc(t — k) (1)

kEZ

with convergence in L?(R).

While the Bell Labs theory addressed several aspects of time-frequency localiza-
tion, it did not address potentially useful connections between time-frequency localiza-
tion and sampling. Examples of such connections have been established only relatively
recently, independently by Khare and George [21] and by Shen and Walter [41]. Specif-
ically, both sets of authors showed that the integer samples of the eigenfunctions of
PQr P are eigenvectors of the matrix Ay = ffé% sinc (t — k) sinc (t — ) dt. We extend
this relationship to multiband signals in Section 6, but the extension is contingent upon
having a method by which such signals can be interpolated from their samples.

A sampling formula corresponding to (18) applies to any f such that f is supported
in a closed and bounded interval. The Nyquist sampling rate is the reciprocal of the
length of this interval. Several approaches to effective sampling of multiband signals
have been proposed in recent years, e.g., [13,40,3]. Among them, works of Venkatara-
mani and Bresler and of Behmard and Faridani establish formulas or algorithms for
interpolating multiband signals from samples and their methods will be reviewed in
Section 7. Filterbank based approaches due to Herley and Wong [13] and Eldar and Op-
penheim [12] will not be discussed. The common goal of these methods is to reproduce
signals from samples taken at an average rate inversely proportional to the measure of
the frequency support. The contributions just noted are far from an exhaustive list of
the work done on this front; see, e.g., Higgins [15] for earlier work. In the subsequent
discussion some basic background from spectral theory that can be found, for example,
in Arveson’s book [1] will be assumed.

2 Time- and bandlimiting to pairs of intervals

One form of the uncertainty principle says that there is no f € L%(R) \ {0} such that
{t: f(t) # 0} and {€ : F(£) # 0} both have finite measure. Given sets S and X of finite
measure, the operators Py f = (fXE)V and Qg = fxg are both self-adjoint projection
operators. They are also both compact, having traces equal to their Lebesgue measures
|S| and |X| respectively. But no nontrivial f € L?(R) is fixed by both Qg and Py [5].
Nonetheless, one can still consider the extent to which f can be jointly localized on
the pair S, Y. A deep theorem due to Nazarov [31] provides the following bound for

this localization,

2 22 CA\S\|E\< 2 Az)
/Sm +/2|f\ < Ce /R\Sm +/M\f|

2
™" shows that the estimate

with fixed constants A and C. The case of the Gaussian e
is asymptotically optimal.

In the remainder of this section we will review briefly several properties of the time-
frequency localization operators proved by Landau, Slepian and Pollak in the case S
and Y are intervals, and raise some questions regarding extensions to more general

cases.



Bandlimiting and interpolation. If X is compact then PWy;, = Psx.L? is a space of entire
functions of exponential type. In particular, any f € PWx can be recovered from its
values on a particular set of samples, provided the sampling set is dense enough (see
Landau [25]). Finding functions that interpolate all f € PWy from a given sampling
set is a nontrivial matter, in general, but useful interpolating formulas are known in
several cases.

The Paley-Wiener space and the sampling theorem. Abusing notation, for £2 > 0 fixed
we will denote by PWgo = PW|_g /5 /9] the Paley-Wiener space PoL?(R) where
Pgo = P_q/2,0/2)- The space PWy, is a reproducing kernel Hilbert space with kernel
K(s,t) = sinc (¢t — s) where

sinc o (t) = M = 2sinc (£2t). (2)
™
The reproducing property
/ sinc o (t — v) sinc o (v — s) dv = sinc (¢t — s). (3)
R

follows directly from Parseval’s identity and the fact that (1_ /2 /2] YW (t) = sinc o(t).

A simple calculation shows that for f € PWy,, the n-th Fourier coefficient of the
Fourier series expansion of f on [—2/2,02/2] is f(—n/(212))/$2. The Fourier inversion
formula then yields the sampling formula:

) = % 3 f(%)sinc_q(t - %) (4)

kEZ

Unfortunately, sinc ¢, is poorly localized in time so, generally, many samples are needed
to approximate f. This raises the natural question: what additional conditions on
f € PWg, allow for good time-localized sampling approximations? The answer is partly
that f should also be well localized in time.

Joint localization to a time interval and a frequency interval. For S C R let Qg denote
the operator of multiplication by 1g and, abusing notation as before, for " > 0 let Q7 =
Q[—T/Q,T/2]~ The composition PpQr is (compact and) self-adjoint when considered as
an operator on PWg,. Denote by A\g > A1--- > 0 and ¢, € PW(, respectively the
eigenvalues and corresponding normalized eigenfunctions, PoQrvn = Anpn. Loosely
speaking, a function is (T, 2) time-frequency localized if it is a sum of eigenfunctions
pn of PoQr having eigenvalues close to one. It is important then to quantify the
manner in which those eigenvalues decay.

Double orthogonality for Px;,Qg. Since PoQr is self-adjoint on PW g, its (normalized)
eigenfunctions {¢n } form an orthonormal basis for PW . In fact, the functions Qr¢n
are also orthogonal. For the moment let S and X be any compact subsets of R. In
[35] Slepian and Pollak observed that orthogonality of eigenfunctions of Px,Qg over S
really just depends on a reproducing property and symmetry of the kernel.
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Theorem 1 Suppose that p is even and satisfies
[ ott =)ot s)du=pt ),

and that the eigenfunctions of T, g : f fS p(t —u) f(u)du are in L2(]R). If py and
wu are eigenfunctions of T, s with eigenvalues A and p respectively then

| extouvar=3 [ exoenoa

In particular, if X # p then the eigenfunctions are orthogonal over S.

Proof First we note that T, could have degenerate eigenvalues, though we will ignore
this case. One has

LKi;@A@)qu)dt::i%tKi;/QPU‘*3)¢A@)d3/gpﬁ‘*u)¢#@0dUdt
1

= )\—u S%\(S)/S@u(w [mp(t_S)P(t—u)dtdeu
1
= by SSDA(S)/SSDM(U)p(S—u)duds

=5 Lex eutsas

When A # p one can interchange the roles of A and p to conclude that

| ewentyar=5 [ ox@eutsis = [ oxoeuts) s =o.

The hypotheses on p apply whenever p is a symmetric linear combination of char-
acteristic functions of bounded intervals and, more generally, when p = 15 where
Y = —X.If X is not symmetric the kernel p5; need not be even or Hermitian and the
double orthogonality may not hold then.

Energy mazimization. Under the hypotheses of Theorem 1, for f € L? (R) one has

W&ngzéjyﬂrwwmﬂ@ww

This quantity is maximized over all f by the restriction of ¢g to S where ¢ is the
eigenfunction of Py, Qg with largest eigenvalue Ag.

On the other hand, one can ask which g € PW x loses the least fractional energy
when first timelimited to S then bandlimited to Y. The answer again is ¢g; now
the remaining fractional energy is /\g, at least under the added hypothesis that Ag is
nondegenerate. In this case the result follows from the fact that the eigenfunctions
form a complete orthonormal basis for L?(R).



Self-reciprocal property. We return to the special case in which S and X' are intervals. If
 is an eigenfunction of P Q7 with eigenvalue X then its Fourier transform ¢ satisfies

o(Ze) = z‘p\/% AQro(©). (5)

Here p is an integer that depends only on the magnitude ordering of the eigenvalues.
We refer to [18] for the simple calculation that verifies (5). One concludes that the
Fourier transform of an eigenfunction is essentially just the cutoff of a dilate of the
eigenfunction. This property obviously does not extend to general sets S and X, though
it will extend to cases/ip\which S = —S is a dilate of X.

Actually, since ap(a-)(§) = p(£/a), the operator PoQr is simply a dilation of
P1Q7. Thus if we set ¢ = T'(2 it suffices to study the operators PQ. where P = P;.
We will write A; = A;(c) when dependence of the eigenvalue on ¢ is to be emphasized.
We call ¢ the time-frequency area.

Prolate spheroidal wave functions. Slepian and Pollak [35] observed the “lucky acci-
dent” that eigenfunctions of Q.P also happen to be solutions of

d*u du 2.9
1— ) —2t— —FtHu =0
(=) 2T+ (= P
for corresponding values of «. The latter are the so-called prolate spheroidal wave
functions (PSWFs) that are well-studied through their physical applications [37,30]
Of course, this fact will not generalize at all to arbitrary sets S and Y. In general,
eigenfunctions of Pyx;Qg have to be estimated numerically.

Completeness. One consequence of the identification of the eigenfunctions of PQ. as
PSWFs is their completeness over [—1/2,1/2]. However, this completeness is also a
consequence of (5) as was observed by Xiao, Yarvin and Rokhlin [42]. Writing the sinc
kernel in terms of the eigenfunctions ¢; and applying (5) with suitable normalizing
factors o gives

> c/2 . o
since(§ —n) =) 95,c(6) 9j.e(n) = (/ DY aij‘Pj,c(f) dw) @j.clen).
=0

=0 —c/2

Applying Fourier inversion one concludes that
— 1
omi
CZ aftpn(:c)@n(cn) =e 7T’LT]£E, (|CL" < 0/2)
n=0 "

Fourier uniqueness now implies that the functions ¢n, are complete in L?[—c¢/2, ¢/2]
since, if f € L?[—¢/2,¢/2] is orthogonal to each of the ¢n then it is orthogonal (on the
interval) to each €>™%¢ for each ¢, hence f = 0 on [—¢/2,¢/2], proving completeness.
If X7 is a finite union of intervals, completeness of the eigenfunctions of Px;Q7 in
L%[—T/2,T/2] can be established by reasoning along the lines of Proposition 2 below.



3 Eigenvalues for time-frequency localization
3.1 The number of eigenvalues of PoQr larger than 1/2

In their works [29,34,24], Landau, Slepian, Pollak and Widom proved a number of
statements of the “27" stating, in essence, that the dimension of the space of essentially
T-timelimited and f2-bandlimited signals is essentially the time-frequency area (27'.
One version—Theorem 3 below—says that PoQr has about 27 eigenvalues close to
one, and that the eigenvalues plunge rapidly from A = 1 to A = 0 over a transition
band of width around log £27". In particular, that result implies that for large 27", the
number of eigenvalues of PpQp greater than 1/2 is 27T + o(log 27). In [27], (cf. [22])
Landau provides the following simple and more precise version of this last fact.

Theorem 2 Let Qcf = fli_c/2.c/2) and Pf = (f]l[,l/g’lm])v. The eigenvalues of
PQcP satisfy
Aejo1 2 1/22 Apq.

In the theorem, |z] and [z] refer the greatest integer less than or equal to z
and least integer greater than or equal to x respectively. The Weyl-Courant minimax
characterization of the singular values \g > A1 > ... of PxQg Py can be stated as

A = { ming, max{|Qsf”: f € PWy, |l =1, fL18}
maxg, ., min{[|Qsf||”: f € PWx,[If| =1, f € Sp11}

Here, Sj ranges over all k-dimensional subspaces including, notably, the subspace
spanned by the first k eigenfunctions of Px,QgPs. In [22] Landau identifies a con-
volver h such that if f € PW and f * h(m) vanishes at a given set of k = [c] integers
then [|Qcf[|> < 0.6. The bound was improved to ||Qcf||> < 1/2 in [27]. One can
verify numerically the finite version of Theorem 2 for the so-called discrete prolate
spheroidal sequences of order N and bandwidth W defined as the eigenvectors of the
matrix My w(n,m) = sincow (n —m), n,m = 0,1,..., N — 1. In this case the dis-
crete normalized area amounts to 2W and one observes Aoyy—1 > 1/2 > A9y when
we{1/2,1,...,(N —1)/2}.

Proof Assume for the moment that ¢ ¢ N. If h is supported in [—1/2,1/2] then

z+1/2
4 h(z) =/ FOh(z — t) dt

—1/2

and

k+1/2
|5 BB < (1] / ()2 d.
k—1/2

Choose I to be any closed interval of length ¢ chosen so that the interval I obtained
by extending I by 1/2 on each end contains as few integers as possible, namely [c| of
them. Let St denote the closed span of the functions h(k — ), k € I+. If f1S+ then
f*h(k) =0 when k € I so

% 2: " 2 2 2
SOUFah)2 = 3 1 < b2 < ] /t¢1\f(t)\

kgl

1B (1P = 1Qe(HIP)-



On the other hand, since f x h € PW when f is,
2 V2o
S U enm = [ 1F©he) de
—1/2
o (V2 L o 21 112
>a? [ (7P d=a?ls]
—1/2

provided that ‘?L(f)‘ > aon [—1/2,1/2]. In this case, if f1S1 then

2
2 2 8]
1QAIP < 712 (1 - 73

The dimension of S is the number of integers in I which is [¢]. Thus, if f1S4 then
HchHA2/|\fH2 < (1—a?/||h||?) < 1/2 provided that one can find h having ||h|| = 1 such
that [h(€)] > 1/v/2 on [~1/2,1/2]. Recall that h is supported in [—~1/2,1/2]. Taking

h = +\/2cost on [~1/2,1/2] and h = 0 elsewhere gives ||h? = 2fi{32 cos?> mtdt = 1

whereas h(¢) = J5(sinc (6+1/2) +sine (€ —1/2)). Then h(=1/2) = h(1/2) = 1/v/2 and

concavity of h on [—1/2,1/2] implies that h(¢) > 1/v/2 on [—1/2,1/2]. One concludes
from the minimax criterion that Af,) < 1/2. In the limiting case ¢ € N the same
estimate follows from the fact that for each k = 0,1,..., Ax(c) varies continuously
with c.

For the other direction we will assume that ¢ > 1. Let I be an interval of length ¢
chosen so that the interval /_ obtained by shortening I by 1/2 at each end still contains
|c| integers. With h as above, let ¢ € PW be such that §(¢) = 1/h(€) on [-1/2,1/2].
Let S— be the span of q(- — k) where k ranges over the integers in I_. If f € S_ then
we can write

F©) = 3 bre 2™ /e

kel_
so that .
FOE = > bre 2™ g <1/2.
kel_
Then

/2 1 v 1
bl = h(e)[2de > = 2= 2712
3 [, Fen@rdezg [ 17 = g

On the other hand, as before we get

Ve -
b= |, FlOR(@m " de = [ rora=ra
Since h is supported in [—1/2,1/2] it follows that
2 2 k172 2 2
S <Y [ R = Qe
kel kel ’k—1/2

since ||h|| = 1. Altogether this shows that if f € S_ then

SIFI < QeI

The dimension of S— is |c]. Thus the minimax criterion tells us that A|,j_; > 1/2.



Extension to multiple intervals. Landau’s technique can be extended to the case in
which S is a finite union of intervals (but still X' = [—1/2,1/2]). In [22] Landau showed
that if S is a union of m intervals then

|S| —2m < #{k: (k—1/2,k+1/2) C S} = dimS—
< H{k:(E—1/2,k+1/2)NS # 0} =dimSy < |S|+2m

by letting S+ be the union of the extension by 1/2 on each side of the intervals com-
prising S, letting S+ = span{h(- — k) : k € S+}, and defining S_ in a corresponding
way. Since one is unable to shift the intervals independently, this method concedes two
eigenvalues bigger than 1/2 per interval. Thus Alej—2m 2 1/2 > Alc)+2m- However,
a modest but significant gain can be achieved when the intervals all have length at
least one by carefully examining the structure of Landau’s proof of Theorem 2. In Izu’s
dissertation [19] one can find a proof of an equivalent version of the following.

Proposition 1 Let ¥ = [—1/2,1/2] and let S be a finite union of m pairwise disjoint
intervals of total length c. Denote by v = maxq #{k € Z: (k —1/2,k+1/2) C S+ a}
and p =ming #{L € Z : (£ —1/2,£ +1/2) NS + 3 # 0}. Then the eigenvalues \i, of
Qs P satisfy

A1 > 1/2 > A (6)

In particular for ¢ > 1, ] —=2m+2 <v < pu < [c] +2m — 2 so that

)‘LCJ—2m+1 2 1/2 2 >‘[01+2m—2' (7)

The case in which m = 1 provides the bound A.j_; > 1/2 > Ap,) which is just
Landau’s estimate, Theorem 2. The upper and lower bounds of (7) are not close to
the sharper (6) in a lot of cases as the following heuristic argument indicates. Suppose
that Iy, ..., I are the m pairwise disjoint intervals comprising S and that each has
length at least one. For each j then ALIIjlj—l(PQIj) > 1/2. Since the I; are pairwise
disjoint, from the lower bound it is safe to assume the corresponding eigenfunctions
from separate intervals are linearly independent. Let M = }"[|I;|]. Then we have a
subspace of L?(R) of dimension at least M — m such that ||Qg Pl > %H@H whenever
 is in this space. Thus Aps_y,—1(PQg) > 1/2. This inequality improves Alej—2m+1 =
1/2, at least when Y |I;| — ||I;]] < m, that is, ¢ < M + m. A particularly interesting
case (see [19]) is that in which each of the intervals comprising S has the form [k —
1/2,k +1/2). Then v = p = c and one recovers the bounds A.j_; > 1/2 > A
even though S can be disconnected. Of course, there may not be any eigenvalues close
to one in this case. A pertinent question at this stage is: can one do any better than
AM—m—1 > 1/2, at least for a large class of cases. Further remarks along these lines
can be found after Problem 1.

3.2 Landau and Widom’s results in the case of multiple intervals

When ¢ = 2T the operator PpQr corresponding to single time and frequency inter-
vals has an eigenvalue )‘LCJ ~ 1/2. Suppose that T = 1 and X' is a finite pairwise
disjoint union of ¢ frequency intervals I, ..., I. of length one, say. Then Px@Q will be
a complicated operator but, in view of previous observations, it will have on the order
of ¢ eigenvalues of magnitude at least 1/2. Consider now the limiting case in which the
frequency intervals become separated at infinity. Any function 1; that is concentrated
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in frequency on I; will be almost orthogonal over [=1'/2,T/2], in the separation limit,
to any function vy, that is frequency concentrated on I when j # k. To see this, write
Pj(t) = eQ’Timjtapj (t) where m; is the midpoint of I; and @; is essentially concentrated
on [—1/2,1/2]. Then

1/2 ) _
/ ) e2ﬂz(mj_mk)t<ﬂj (t)@x(t) dt = p1 * B3 * sinc (m1 — ma) = O(1/|m1 — ma|)
—1/2

as |mj1 — ma| — oo. This almost orthogonality prevents eigenvalues from the separate
interval operators P;@ from coalescing into significantly larger eigenvalues of Px Q.
Consequently Px;@Q will have on the order of ¢ eigenvalues of size approximately equal
to 1/2 in the separation limit. Incidentally, similar reasoning shows that Px(@Q cannot
have any eigenvalues larger than 1/2 when X is a union of a large number of short,
mutually distant intervals, even if ¢ = |X| > 1.

Landau and Widom [24] introduced a method to estimate the distribution of eigen-
values for Px;,Qg asymptotically in the sense of rescaling one of the sets S or X' when
both sets are finite unions of intervals. Their result, Theorem 3, confirmed a conjecture
of D. Slepian [36] asserting that the number of eigenvalues of PpQp is approximately
¢ = 2T when c is large.

Theorem 3 Suppose that S and X are finite pairwise disjoint unions of Ng and Ny
intervals respectively. Set Ac = Ac(S,Y) = P.xQgP.5. Then the number N(Ac, a) of
eigenvalues of Ac larger than a satisfies
NgN 1-—

522 log<Ta) log ¢ + o(log ¢) ¢ — 0. (8)

N(Ac,Oé) = C‘SHE| + T
Although the factor NgNy; disappears when « = 1/2, it appears prominently for
other a € (0,1). The estimate (8) boils down to estimating the polynomial moments

of the spectral measure d¢[—N(Ac, t)] such that

1
N(Ac,a):/ di[—N(Ac,t)].

The result then follows from approximating 1ia,1) by polynomials. The key step is to
show that the moments of di[—N(Ac,t)] are close to those of a familiar fixed kernel.
The principal tool in this reduction is a variant of Szegé’s limit theorem [20] also due
to Landau [23]. Landau’s limit theorem states in a precise sense that the eigenvalues of
Arf = f|y|<rp(a: — ) f(y) dy approach the Fourier transform of the kernel as r — oo.
It is, perhaps, the principal reason why the case Ng = Ny = 1 of Theorem 3 is
necessarily asymptotic. The case of finitely many time and frequency intervals involves
a reduction to the single interval case which also requires asymptotic separation of the
intervals.

Single interval case. Here is a brief outline of Landau and Widom’s approach in the case
of a single interval. The first step is a simple rescaling to the case Ac = Py Q[0,11P0,c-
In this case one wishes to establish

1

1 -«
N(A¢,a) =c+ = log " log ¢ + o(log c).

The polynomial moments of d¢[—N(Ac,t)] are the traces of the powers of A.. These
powers are not readily expressed in terms of a kernel having a familiar Fourier transform



11

but it turns out that those of the operator A.(I — A:) are. As such, Landau and
Widom took estimates of the powers of A¢(I — A¢) as a starting point. They were able
then to use symmetry properties of the corresponding spectral moments to recover
corresponding estimates for A. as we outline now.

One uses idempotency and exclusion (e.g., P(_ oo, 0)+P(1,00) = I — Fo,1)) to express
the Fourier transform of [Ac(I — A¢)]™ as a sum of n-th powers of four operators each
unitarily equivalent to the operator

Ke = Q[l,c]P[O,oo)Q(—oo,O]P[O,oo)Q[l,c]7

plus a remainder term that remains uniformly bounded independent of ¢ (expressed as
“O(1)”). For the moment estimates one expresses Ac[Ac(I — Ac)]™ also as the sum of
four operators each unitarily equivalent to

Qo,e)Po,1Ke + O(1).
In this way one obtains

tr[Ac(I — Ac)]™ = 4tr K2 4+ O(1) (9)
tr Ac[Ac(I — Ac)]n = 4tr Q[O,C]P[O,oo) K? +0(1) = QtI‘KgL + O(1).

ds
(s+z)(s+y)’
defined for 1 < & < y < ¢. This can be seen using the fact that Py o) = 2([ +1H)

where H is the Hilbert transform with kernel p.v.= so that Q(_s 01/0,00)@[1,¢] =

7!'1,’

Trace kernel estimates. The operator K. has kernel ke(z,y) = ﬁ fo

QQ(—OO,O]HQ[LC]' The change of variables = ¥, y = ¢?¥ and s = ¢?¥ transforms
K. unitarily into the operator on L?[0, (log ¢)/2] given by integration against ke (s) =
ﬁ [0 sechrsech (s —r) dr.

Szegd’s theorem [23] can be phrased as the statement that the number of eigenvalues
of K larger than « is equal to the measure of the set on which the Fourier transform
of the kernel of K is larger than «. In the present context this translates into

log c

N(Ke,a) = (K& : [Re(©)] > a}t| +o(1)).

The log ¢ term comes from the time support of kc. Since sech " (€) = 7 sech (7r2§)7

log 0g

N(K¢,a) = I{¢ : sech ?(7%€) > 4a}| + o(log ¢) = IWQCsech_l(\/ﬁ) + o(log c).

This tells us that

1/4 loge [1/4 dx
tK":/ "y [~ N(Ke,z)] = g/ n_ 9 L o(loge).
rK; I3 z"dg[-N(Ke, )] o2 |, T xm—i-o(ogc)

Letting = ¢(1 — ¢) with 0 < t < 1/2 and using symmetry then gives

n _ logc 1/2 n dt __logc 1 n dt
tr Ko = 27T2/0 (t(1-1)) m—!—o(logc)f 12 /0 (t(1-1)) t(l_t)+o(logc).

Applying similar reasoning to the operators corresponding to Ac[Ac(I — Ac)]™ yields
a corresponding moment involving "1 (1 — )™,
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The spectral measure. To obtain estimates on N(A¢, &) now one uses its definition and
(9) to write

1
[ Ae(I — Ae)]" = 1Ogc/o (t(1 — t))"t(ld%t) +o(log c)

T2

1
AT - 4] = TS [ -y +o(log )

dt
72 t(1—1t)
In particular, each polynomial P that vanishes at 0 and 1 satisfies

__logc

1 1 dt
/OP(t)dt[fN(Ac,t)]— 2 /0 P(t)ero(logc)

and, for any P vanishing at ¢ = 0,

1 log c ! dt
/O P(t) di[-N(Ae, D] = P(1)tr(Ac) + 5 /O(P@)—t””)m

+ o(log c).

A polynomial approximation argument yields

1 p—
N(Ac,a) = / di[-N(Ac,t)] =c+ lc;gzc log % + o(log c).
[e3%

Extension to multiple intervals. To simplify the reduction to the single interval case we
assume that Y is a union of Ny bounded intervals but that S is a single time interval 7.
The general case (S is also a union of intervals) poses no additional obstacles. Let X' =
U; I with I = [oy, 84]. Let Ag = (—o00,a0), A1 = (B1,a2), ..., Any = (Bng,0)
be the complementary intervals. As before, consider

Ac(I = Ac) = PuQerPr\sQerPy =Y Pr,QerPa,Qer Pr,

The individual terms in this sum are O(1) (uniformly bounded independent of ¢) unless
i =k and I}, is adjacent to A; (see the Lemma in [24]). Consequently one can express

AC(I - AC) = Z ij QCT(P(—oo,aj) + P(ﬁj,oo))QcTPFj + 0(1)

Since the result is asymptotic we can rescale so that 7" = [0, 1] and all the frequency
intervals have length greater than one. Then as in the single interval case one finds
that (Ac(I — Ac))™ can be written as

[AC(I - Ac)}n = Z(Pc[aj+1,[5‘j]Q[O,oo)Pc(—oc,aj]Q[O,oo)Pc[oz,-—Hﬂj])n
J
+ 3 similar sums + O(1)

where ¢I = {cz : © € I}. As in the one interval case, to each fixed j there correspond
four operators each unitarily equivalent to

KeBy—a;) = QUu,e(8;—a;)) F(0,00)@(=00,0) £(0,00) Q[1,c(8, — ;)
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so that

tr[Ac(l — A)]" =4Y tr K5, o,y +O0(1) =4 tr K +O(1)
j j

and one finds that
tr[Ac(I — Ae)]™ = ANstr Ki' + O(1).

Also as before, a similar reduction applies to Ac[Ac(I — A¢)]". The remainder of the
argument follows the single interval case.

The “O(1)” terms can be substantial in the non asymptotic regime for two reasons.
First, Szeg6’s theorem gives only a rough approximation. Second, the lengths and
positions of the time and frequency intervals can make the “O(1)” term dominant
in the eigenvalue estimates. These concerns lead us to raise a couple of very basic
questions.

Problem 1 (i) Prove that among all compact time and frequency supports .S, X' with
|S||X| = ¢, the P5Qg Py operator with the largest norm is (up to dilations and time-
frequency shifts) P )Q[o,1) 0, and (ii) quantify precisely the “O(1)” term in (8).

The intuition that joint localization for a given area should be optimized when S
and T are intervals is further confirmed by an inequality for rearrangements due to
Donoho and Stark [11]. It states that if 27 < 0.8 and if f is supported on a set of
Lebesgue measure T then its symmetric, decreasing rearrangement satisfies

/2 Q/2
/ Fe)P de < / 171 ()12 de.
—Q/2 —Q/2

Since | f|* is concentrated in [—|S|/2,|S]/2] when f is supported in a set of measure |5/,
this indicates an affirmative answer to the problem when X is an interval and |S||X] is
not too big. A more general version of Problem 1 would ask whether other eigenvalues
beyond Ao also decrease with dispersion (i.e. disconnectedness) of S or X for fixed c.

As indicated earlier, in certain situations a more precise quantification of the eigen-
value distribution and possibly even an improvement of the Landau estimate [22]
Alc—2Ng+1] 2 1/2 > Alc42Ng—2] should be obtainable when X' is an interval. A
natural starting point would be the case in which all frequency intervals have the same
length. Recall that A|._1] > 1/2 > Ar,) when S =a+U[k,k+1) and ¥ =3+ [0, 1)
but the situation is more complicated when the intervals comprising S do not have
unit length.

Problem 2 (i) Quantify N(A¢, @) when S = [0,1] and X = Ué\/lzl[kﬁ,kﬁ + L] with
B and L fixed. (ii) Describe precise, nonasymptotic conditions on finite unions X' for
which the Landau and Widom results are essentially sharp. Specifically, give precise
estimates on the o(log c) term in such cases.

3.3 Time-frequency localization for unions
Sums of time-frequency localization operators. One cannot refer to a Sturm-Liouville

system for computation of the eigenvectors of Py;(Qg except in the special case in which
Y and S are intervals. So it is necessary to find effective computational algorithms
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for estimating the eigenfunctions, for example, when X' is a finite union of intervals.
Suppose that one knows the eigenvalues and eigenfunctions for Py, Qg and Pyx,Qg
for the same time support S and compact, pairwise disjoint frequency support sets Xy
and Y. The following proposition [17] describes a discrete method for obtaining from
these the eigenfunctions of Py, x,@s-

Proposition 2 Suppose that X1 and Yo are disjoint, compact sets and that the eigen-
vectors {4,0,?‘} of Px,QsPx, have corresponding nondegenerate eigenvalues listed in
decreasing order as )\fi, 1 =1,2. Let Ay, denote the diagonal matriz with n-th diag-
onal entry )\fi and let I' be the matriz with entries Ynm = <QS(,0§1, gaff). Then
any eigenvector—eigenvalue pair v and X for Px yx,Qs can be expressed as ¢ =
Zzozo(angafl + Bnps?) where the vectors a = {an} and B = {Bn} together form
a discrete eigenvector for the block matrix eigenvalue problem

(2)- () 6)
B)  \IT Ay, B)

In other words, finding the eigenvectors (and eigenvalues) of Py, ux, @ boils down
to determining the discrete eigenvectors (and eigenvalues) of the matrix in the theorem.
The matrix I" is also simpler when X7 = [ and Y = J are two intervals of the same
length (2. Then any function in PW(J) has the form E¢ for some ¢ € PW(I), where E
denotes the operator of multiplication by e2mHEr =€t with &1 the center of I. If we also
take S = [=T/2,T/2] then ypm = f}g% 2mHUEHEN G (Yo (t) dt, where op is the
n-th PSWF, that is, the n-th eigenfunction of P_ /2 /2@ Then the (2T theorem
suggests that the significant eigenvalues and corresponding eigenvectors of Pry Q7

can be estimated effectively upon truncating the blocks of the matrix in the theorem
to blocks of order 27 x 2T

Problem 3 Denote by Mg s, 5, the matrix in the theorem and denote by Mg x, s, N
the 2N x 2NN approximation obtained by truncating each block to size N x N. Obtain
accurate estimates for the norm of their difference when S, X1 and Y5 are intervals.

The correlations ynm have to be computed either by quadrature or by more so-

phisticated methods, e.g., [6,42] and dependence of such estimates on correlation errors
should also be considered.

4 Finite models for continuous signals

4.1 Auslander and Griinbaum’s error estimates

Auslander and Griinbaum [2] considered the problem of approximating a function in
L? (R) by means of the DFT of some finite sampled signal. Since Dirac samples are not

defined on LZ, one needs a sampling method that involves local averages both in time
and in frequency. Thus one sets

Fols) = 5 ols) = / Fs— Doty T€) = F ()



Now fix T' > 0, £2 > 0 and set s = Tk/N and wy = 2k/N where k= —N,..., N.
Denote by g the (centered) DFT of the samples of f,, thus

g(k) = eNTTIR k= N, N.

\/7sz< )

A simple calculation verifies that

1 o T koY  sin (2N + 1)mé
o) = = [ FORODN (F6 - )i Dwlo = TEIT

Thus the error between the samples of the Fourier transform f, and samples of the
mollified Fourier transform fy, of f is quantified by

Fo(57) — ot = [ FO (T ~€) - Tro©@Dn (¢~ 5 &

Define the error kernel

(@) = [ —€) - ﬁsﬁ@)l)z\r(%ﬁ -1

By Cauchy-Schwarz and Plancherel one has

7o (%) = o9)] < 17103k, 071

and the bound is sharp by taking f to be the error function &y n o 7 itself. Auslander
and Griinbaum considered the case of Gaussian mollifiers

2 1 €2

Plt) = e T (O = e s

2moq

with the particular scalings
o1 =c1(T/N); o9 = c2(2/N).

In this case it was shown that the Wiener error Z{CV:_N 10k, v,02,7]| is minimized at the
Nyquist rate T2 = (2N + 1)/4. This curious connection between Gaussian smoothing
and uniform sampling merits further investigation.

The functions f, and j?d, are in the images of translation invariant systems. From
the point of view of joint time-frequency localization translation it may not be natural
to impose such invariance. One alternative is to replace f, by the projection of f onto
the image of the eigenfunctions of PoQ1 P, having large eigenvalues. That is, let

N
S_QTNtu Z

denote the kernel of the projection onto the first several eigenfunctions ¢ = gok'o T

of PoQrPq. Let ¢, = wkTQ be the corresponding eigenfunctions with the time and
frequency roles reversed and denote by o1  n the corresponding kernel. In the special
case S = [-T/2,T/2] and X = [—(2/2,(2/2] one can take advantage of the covariance
of the eigenfunctions under the Fourier transform [18]. In particular, when normalized
so that ||og|l = 1 and such that T = 2 = \/E one has |pg| = |pr| (see (5)) and then
oroNEn) = sorn(&mn). Then if fy(t) = [ f(w)sor.N (¢ u)du it follows that

f]\\;(@ =S {f,or)or = (f)N(f) That is, the time-frequency projection commutes
with the Fourier transform. Similar ideas were considered by Shen and Walter [41].
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Problem 4 For fn defined as above, quantify the dependence of the error between
the DFT of the samples of fy and the corresponding samples of fn on the sampling
rate and the area ¢ = T'(2.

For general sets S and X there is no simple relationship between the eigenfunctions
of PyQg Py and their Fourier transforms, but one still has ﬁv(g) = Zé\;l(f, Ok )Pk
In any case it would be desirable to have a simple way to compute or estimate the
coefficients (f, ¢k) in terms of the samples of f.

Problem 5 Express (f, o), where ¢y are the eigenfunctions of PxQgPy, in terms
of samples of f.

In the case X' = [—£2/2, /2] any f in the range of Py can be expressed in terms
of its samples f(n/f2) and the coefficient (f, ¢} can be written as % >om f(%)gok(%),
as will be discussed further in Section 6. A variant of Problem 5 will be stated later
(as Problem 9) in the context of more general sampling schemes.

4.2 Discrete continuous functions

In addition to quantifying sampling errors, it is interesting to ask which families of
functions in L? (R) can be characterized completely in terms of finite sets of samples,
on one hand, and finitely many Fourier coefficients, on the other. Signals that are
finite sums of shifted sinc functions are such examples, and their Fourier transforms
can be expressed as trigonometric polynomials on their supports. It is of interest to
consider broader classes of interpolating functions. Several such interpolation schemes
are considered in Izu’s dissertation [19], including extensions to distributions. Here we
state one such interpolation result.

We will say that 9 is a T' partition of unity if > po _ ¢(t+kT) =1for allt € R.
We also say that a set S is a T-tiling set if the sets {kT + S}ycz form a partition of R.

Theorem 4 Let T2 € N, let S be a T tiling set and let X be an (2 tiling set. Let
P € SR) beaT partztzon of unity such that w( ) =1ifn € 2S and otherwise

w(ﬁ) = 0. Suppose that f is a linear combination of shifts {¢( - —) :m € TX}.
Then f satisfies

J?(O: > f( ) (5——):% 3 f(%) 3 e—2m‘$3$<§_%>

mETE nens meTXY

0= b 3 AR =y 3 1(8) £ 000

meTY neNs meTXY

Example. Let T = 36 and 2 = 1/9 so T2 = 4. Set S = [0,18) U [54,72) and
let £ = [0,1/9). So {n € 28} = {0,1,6,7} while {m € TS} = {0,1,2,3}. Let
h(t) = exp(—1/(1 — |t|*)) for |t| < 1 and h(t) = 0 for |t| > 1. Let H(t) = Do h(t—k),
let g(t) = h(t)/H(t) and let

0= T st =afg) oy 1) ol -0) ol -7)

nens
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Then g is a 1-partition of unity. Also, ¥ is a T'= 36 partition of unity that vanishes at
9n if n ¢ {0,1,6,7} since h(k) = pi. Finally, let

3
Flw) = amA(w—m)z ozm/\(w—ﬂ).
Fw) m;jz U(w— mZ:O b(w- 3
Then f is as in the theorem so it can also be expressed in terms of its samples
{f(0), f(9), f(54), f(63)}. One can then build functions f that can be recovered from
samples along shifts by multiples of 72 of {0, 9, 54, 63} by inverse Fourier transforming
suitable sums of modulations of @

4.3 Time frequency localization of multiband signals: some examples on Zp

One of the fundamental heuristics of time-frequency analysis is that one unit of area
in the time-frequency plane corresponds to one degree of freedom. In the finite N x N
time-frequency plane any time-frequency tile of N points corresponds roughly to one
degree of freedom (e.g., [39]). We will define the normalized area of a product subset
Sx X CZn XZyn as c = |S||X|/N where |S| is the counting measure of S. By a
Zpn interval we mean a nonempty subset I C Zp that is maximal with respect to the
property that if k € I then either k+1 € I or k — 1 € I (with addition modulo N).
Its endpoints are those k € I such that either kK —1 ¢ I or k+ 1 ¢ I. Intervals can be
singletons. If X' C Zx we let Ny be the number of intervals in X.

Problem 6 Establish analogue(s) of the 27" Theorem for Zy (cf. [33]).

We have raised some questions about dependence of the spectrum of Py;Qg on the
time and frequency supports S and Y. The questions were posed for the continuous
setting but numerical investigations, not to mention any digital implementations, have
to be carried out in Zp . Here is a brief description of some numerical experiments con-
cerning the dependence of the spectrum of Ps;(Qg Ps; on the normalized time-frequency
area c and on the distribution of the Fourier support X when S is a single Z interval.
Our observations can be summarized briefly as follows. First, while Alc) tends to be
close to 1/2, there does not appear to be any rule more precise than the analogue of
the Landau estimate (A|¢|_ang4+1 = 1/2 > Afej4any—2)- Secondly, the width of the
plunge region over which the eigenvalues transition from being close to one to being
close to zero appears to correlate with Ny.

We used centered DFTs of size N = 25 4+1. Time intervals of length T+ 1 were also
centered. Here is a description of the method used to produce frequency supports .
First we produced a random vector r of length (N +1)/2+ L with values generated from
a uniform distribution of values in [0, 1]. The parameter L serves to bias the intervals
in X toward having length L. Specifically, we set m(k) = mean[r(k),...,r(k+ L —1)],
k=1,...,(N +1)/2, and took k € X if m(k) was among the largest |X|/2 values
of m. In this way the normalized area could be fixed. Finally we symmetrized: for
k=(N+3)/2,...,N welet k € X¥if N—k € X. We did not keep track of the lengths
of the individual intervals although we did keep track of the number Ny of symmetric
intervals. Numerical results are given in Tables 1 — 3 and Figs. 1 and 3.

Some additional comments can be made, keeping in mind that they are based
on a small sample and also on a small N. First, there is significant variation in the
eigenvalues for fixed ¢ and L, indicating a significant dependence on the distribution
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Fig. 1 Figenvalue distributions Eigenvalue distributions for randomly generated frequency
supports, N = 257, T'= 64, Ny, = 128. The figure on the left shows the eigenvalue distribution
for ten randomly generated X’s with L = 10, biased toward longer intervals. The middle plot
shows similar distribution with L = 5 and the plot on the right is similar with L = 1, biased
toward shorter intervals. The normalized area is ¢ = 32 in all cases. The eigenvalue curves
change from being convex for large L to being concave for small L.
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Fig. 2 Frequency supports Typical frequency supports X, |X| = 128 for L = 10 (left), L =5
(middle) and L =1 (right).

Fig. 3 Figenvalue distributions Eigenvalue distributions for randomly generated frequency
supports, N = 257, T" = 64, Ny, = 64. The frequency sets are half the size of the ones in Fig.
1. As in that figure, L = 10 (left), L = 5 (middle) and L = 1 (right). The normalized area is
¢ = 16 in all cases. When L = 1 the largest eigenvalues are no longer close to one while the
small but nontrivial eigenvalues extend well beyond 2c in that case.
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Table 1 Eigenvalues of Py Qr with random frequency supports, N = 257, T = 64, |X| = 128,
¢ =32, L =10. Average value of A is 0.52.

trial # | 1 | #2 | #3 | #4 | #5 | #6 | #7 | #8 | #9 | # 10
Ny 12 | 14 | 10 9 3 | 13 7 3 13 3
Nej s | 57| 57 | 61 | 63 | 59 | 59 | .66 | 69 | 57 | .65
Mej—2 | 57 | 57 | 58 | 62 | 59 | 56 | .66 | .64 | .56 | .65
Aej—1 | 53 | .57 | 56 | .60 | 58 | 56 | .62 | .59 | .55 | .60
Ne | 49| 54 | 52 | 48 | 50 | 55 | 61 | 50 | 52 | .53
Nejt1 | 46 | 52 | 43 | 48 | 50 | 55 | .57 | 43 | 49 | .52
Alejyo | 43 | 50 | 42 | 43 | 50 | 52 | .51 | 42 | 49 | .51
Mejta | 39| 42 | 35 | 41 | 48 | 49 | 44 | 33 | 46 | 47

Table 2 Eigenvalues of Py, Q7 with random frequency supports, , N = 257, T' = 64, | X| = 128,
¢ =32, L =5. Average value of \|.| is 0.55

trial # | #1 | #2 | #3 | #4 | #5 | #6 | #£7 ] #£8 | #9 | #10
Ny 5 | 14 | 13 | 16 | 14 | 15 | 10 | 15 9 10
Nej_s | 62 | 59 | 66 | 61 | 65 | 58 | 65 | .66 | 68 | 71
Alej_a | 61 | .55 | 63 | 57 | 61 | .58 | .65 | .60 | .59 | .67
Mejo1 | 60 | .54 | 60 | .55 | 59 | .51 | .61 | 59 | .58 | .67
Al 52 | 53 | 59 | 53 | 55 | 49 | 60 | 53 | 53 | .58
Nejt1 | AL | 50 | 59 | 51 | 48 | 49 | .57 | 51 | 52 | .53
Mejpa | 45 | 48 | 50 | 49 | 45 | .44 | 56 | 48 | 43 | .46
Mejts | 43 | 47 | 50 | 45 | 44 | 39 | 50 | 44 | 39 | .39

Table 3 Eigenvalues of Px;Q7 with random frequency supports, , N = 257, T' = 64, | X| = 128,
¢ =32, L = 1. Average value of A|.| is 0.51

trial # | #1 | #2 | #3 | #4 | #5 | #6 | #£7 ] #8 | #9 | #10
Ny 27 | 35 | 34 | 30 | 30 | 33 | 30 | 32 | 30 32
Xec 3 | 58 | 50 | 56 | 53 | 54 | 56 | .53 | 54 | 57 | .56
Alej_a | 58 | .50 | 55 | .50 | .52 | .56 | .52 | 52 | .56 | .55
Mejo1 | 57 | 50 | 53 | .50 | 50 | .54 | 49 | 51 | 55 | .50
Al 56 | 49 | 53 | 49 | 50 | 51 | 49 | 51 | 53 | .50
Nejt1 | 55 | 46 | 52 | 49 | 46 | 51 | 49 | 50 | 51 | .50
Mejtz | 54 | 46 | 51 | 48 | 46 | .51 | 48 | .50 | .50 | .50
Melts | 53 | 46 | 49 | 45 | 46 | 50 | 48 | 49 | 49 | .48

o.o o.o o.o

o.s o.s o.s
o.7 o.7 o.7
o.e o.e o.e
o.s o.s o.s
o.a o.a o.a
o.=s o.=s o.s

o.= o.= o.=

o.1 o.1 o.1

Fig. 4 Frequency supports Typical frequency supports X, |X| = 64, for L = 10 (left), L =5
(middle) and L = 1 (right).
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of Y. In addition, there appears to be a general trend toward more eigenvalues less
than 1/2 as X' becomes more disconnected. As ¢ becomes smaller a larger proportion
of trace norm T'|X| appears to be accounted for by the eigenvalues less than 1/2.

5 Finite case: sparsity and connection with compressive sampling

A fundamental difference between finite and infinite settings is manifested in support
properties of Fourier transforms. No nonzero f € L2(R) that vanishes outside a set of
finite measure has a Fourier transform f also vanishing outside a set of finite measure.
The analogous statement for the DFT is a lower bound on the sizes of the supports of
x and X due to Donoho and Stark [10].

The Donoho-Stark inequality. As before, |F'| denotes the counting measure of a finite
set F'. The Donoho-Stark uncertainty inequality can be stated as follows.

Theorem 5 Any finite signal x : Zn — C with N-point discrete Fourier transform X
satisfies

{n s an # 0} [{n : 3n # 0} > N, (10)
[{n : xn # 0} + {n: Zn # 0} > 2vVN. (11)

In addition, |{n : ©n # 0} |{n : Zn # 0}| = N only when, up to appropriate time-
frequency shifts, x is the indicator of a subgroup where Zy is regarded as a cyclic
group of order N.

The characterization of extremal functions for the Donoho-Stark uncertainty em-
phasizes an important (group theoretic) distinction between the DFT and the Fourier
transform on R. The role of group theory is emphasized further in Tao’s [38] sharper
inequality for N = P prime, namely

H{n:ozn #0H+|{n:Zn #0} > P+1.

Recall that Zp has no nontrivial proper subgroups. More information regarding the
Donoho-Stark inequality can be found in [18].

Quantitative robust uncertainty principles. The finite setting can indicate limitations
of the multiband cases of the Bell Labs time- and bandlimiting theory on R — not
to mention precise limitations of the analogous finite theory — when the time or fre-
quency supports become highly disconnected. Candés, Romberg and Tao [9,7] found
that norm estimates in such disconnected cases could be useful in signal recovery prob-
lems. Specifically, they considered the problem of finding a bound on the norm — and
hence on the largest eigenvalue — of the discrete version of the operator Px;@QgPs; when
the time-frequency area is small. Recall that in the finite case the normalized area is
|S]|X|/N where |S| is the counting measure of S. Denote by Ags the operator with
standard basis matrix Ds}'&lDE]:N where Fp is the matrix of the N-point DFT
and Dg = diag S is the diagonal matrix with Dg(j,7) =1if j € S and Dg(j, k) =0
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otherwise. Thus Dg is the matrix of multiplication by the discrete indicator function
1g. Then

Ags Ay = DgFy'DsFn(DsFy' DeFy)*
= DgFn'DsFnFiyDsFnDs = DsFy'DsFyDs  (12)

since Fn = ]-'1;1 and Dy is idempotent.

Candes, Romberg and Tao (CRT) were motivated by applications to compressed
sensing in which a signal x could be recovered (using nonlinear optimization techniques)
from its values on S provided that its Fourier transform X vanishes outside Y. This
recovery is contingent upon invertibility of I — Ag s, which holds if ||[Ag 5| < 1. Candes,
Romberg and Tao were able to obtain such bounds in a probabilistic sense. We will give
a brief outline of their approach here, and a more detailed outline of their technical
estimates in Appendix A. For technical reasons, CRT assume N > 512. They fix a
parameter 1 < 5 < (3/8) log N. Set

N (1

M(N,B) = m<\/6+0(1)>'

The “o(1)” term arises through Proposition 4 and Lemma 2 below.

Theorem 6 Suppose that S and X are subsets of Zy whose sizes satisfy |S|+ | 2| <
M(N, 3). Then with probability at least 1 —O((log N)l/Q/NB), every signal x supported
in S satisfies

2

while every signal x frequency supported in X satisfies
2 1, 2
Ietsl® < I

The second inequality says that [[Agx||? < 1/2. By the arithmetic-geometric in-

equality, 112
S|| X 1 2 N

N S InMWA) S g gy (o)
This suggests that, even for small N, there can exist time-frequency set pairs of nor-
malized area substantially larger than one on which no signal is mostly localized.

The probability is defined with respect to the uniform distribution among all sets
S and X of fixed sizes |S| and |X|. There are two main ingredients to the proof. The
CRT methods require ability to treat the frequency coordinates independently. For this
reason they considered Bernoulli generated frequency sets of random size rather than
sets of fixed size. Thus the first ingredient of the proof involves the random choice of
frequency support. In contrast to our earlier usage of the symbol (2 as an interval length,
we will use the symbol (2 here to denote a Bernoulli generated frequency support set
of random size |{2|, while X denotes a uniformly generated support set of fixed size
|X]. To describe 2 consider, for each w € Zp, a Bernoulli random variable I(w) (that
is, a random variable with values in {0,1}) with prob (I(w) = 1) = 7 for each w. Set
2 ={w € Zy : I(w) = 1}. Then |2] = Zi\’:_ol I(w) has expected value N7. Take
7 = |X|/N where, as before, |X| is fixed. One has to show that |{2] does not vary too
much from its expected value of | X|. The second ingredient is a probabilistic bound on
the norm of Agp, with S fixed.
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The main technical estimate for Theorem 6. Consider now the auxiliary matrix

diag > 2mws—t/N gt e 8 s+t
Hgg(s,t) = wen ) $TE D, . 13
s0(s) { N o (13)
Then AgnA%n = %I-i— %HSQ and
2 _ |02 Hgsq
lasel? < 12y 1Hsal (14)

The CRT technique for estimating || Hg || is to estimate traces of powers of Hgvg, sim-
ilarly to Landau and Widom’s approach to proving Theorem 3. We include a detailed
outline of the proof of the following in Appendix A since the sophisticated techniques
should be useful in addressing some of the open problems mentioned below. The main
estimate is the following.

Proposition 3 If 7 < e~ 2 then the powers of Hg satisfy the expectation inequality

4

Bn(rrdn) <20 (2

) IS

Bernoulli versus uniform models. Theorem 6 states that for |S|+ || small, |[Ass| <
1/2 with overwhelming probability, taken with respect to the uniform distribution of
sets of size |X|. But Proposition 3 applies to Bernoulli generated sets {2 whose sizes
are also random. To pass from the proposition to the theorem one needs probabilistic
bounds relating the probabilities of the operators Ags; and Agg having large norms.
Such a bound was obtained by Candes and Romberg [7] as follows.

Lemma 1 Let X' be drawn uniformly at random from the subsets of Zpn of fixed size
| 2| with (log N)? < |X| < N//61ogN, and let 2 = {w € Zy : I(w) = 1} where, for
each w, prob (I(w) =1) = |X|/N. Let A = Ag and Ay, = Agy with the same fized
time support S. Then

1
prob ([ 4g|* > 1/2) > Sprob (| Az]® > 1/2).

This lemma follows essentially from the monotonicity of ||Ag||, that is, [[Ag, || <
A, || if 21 C £22, the fact that for Bernoulli generated (2, if E(|2]) € N then the
median and expected value of |{2| are equal, and the fact that for the given bounds on
| 2|, |42] is not expected to deviate from its mean too much.

Probabilistic norm estimates for the Bernoulli model. Armed with Lemma 1, Theorem
6 reduces to a corresponding estimate for the Bernoulli case. In other words, with
S C Zy a fixed time support with |S| and p, ¢ and 3 as before one has the following.

Proposition 4 Let p = /2/3 and fizx 1 < 8 < (3/8)logN and q € (0,1/2]. Let
N ={w€Zy:I(w)=1} where prob (I(w) =1) = |X|/N and

paN

V(B+1)logN’

S| +12] <

Let Hgg be defined as in (13). Then
prob (| Hse| > ¢N) < 5N~ °\/(B+1)log N.
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The moment bound of Proposition 3 is utilized as follows. Since H = Hgg is
self-adjoint the Markov inequality and ||[H"|| < tr(H") implies that for n =1,2,...,

n ne _ E|H"|? _ E(tr(H?"
prob (| > a) = prob (|12" > (o)) < FIACIE < BUHLT),

(15)

Taking 7 < 1/3 if necessary (so that 4/(1 — 7) < 6) one obtains from Proposition 3
and the inequality on arithmetic-geometric means that

n+1 2n
B(tr(H") < 2n(6/e)"n"|S|" 1 (V)" < 2" |sl( = ;N) '

e _ . < pgN
Specializing to n = [(8 + 1) log N |, the hypothesis |S| + 7N < N and (15)

finally imply that

prob (||H|| > gN) < 2equ_ﬁ\/(ﬁ+ 1) log N < NP (B + 1)log N.

This establishes Proposition 4.

To pass from a probabilistic bound on Hgy, to one on Agy,, see (14), one requires
that [£2| does not deviate too much. When 7 > (log N)2/N, £2 is likely not too large
as the following lemma shows.

Lemma 2 With p,3,q as in Proposition 4, let 2 = {w € Zn : I(w) = 1} where
E(|2]) = 7N with
2
(log N)” P4 '
N (1+8)logN

Then, with probability at least 1 — Nf’B,

12| 2pq '
N = \/0+pB)logN

Thus, with probability at least 1 — O(N_ﬁ\/log N),

2
l4sel® < q<1 + —p)

V(B+1)log N

Choosing ¢ = 5(1 — (2p//(B+ 1)log N)) = 1/2 + o(N) proves that lAsell® < 1/2
with the desired probability. Theorem 6 then follows from Lemma 1.

CRT in action. As an example, Candes, Romberg and Tao consider |S| + |¥| <

\/%%. For simplicity we then take § = (13/36)log N < (3/8)log N which
og

places the bound |S] + |X| < %)% = 0.2547N/log N. When N = 512 this
gives |S| 4+ |X| < 20.88. Theorem 6 says that under this constraint the probability
that there is an x frequency supported on X at least half of whose energy lies in S is
O(log(N)1/2/Nﬁ) with an undetermined constant C. In our case, the probability is at
most C/6.24/(512)13/36 < €(2.5)/(213/%) ~ (1/4).

As an experiment we generated 100 time and frequency support sets of the same
size (|S| = |X|). The sets were generated by taking the indices of the largest |S|
values of a vector of dimension N with coordinates generated by a uniform random
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Table 4 Norm of A = F~'1yF1g for randomly generated supports, N = 512

Table 5 Norm of A = F~11xF1g for centered time support and randomly generated fre-

ISI=1Z[ [ ¢ [ max[JA] | min [JA] | %[A]* > 1/2
10 0.20 27 22 0
20 0.78 0.39 0.33 0
40 3.12 0.54 0.49 0
80 12.5 0.73 0.69 59
100 19.53 | 0.80 0.76 100

quency support, N = 512

[SI=121 ] ¢ [ max[A] | min[A] [ %[A]> > 1/2
10 0.20 0.29 0.20 0
20 0.78 0.44 0.30 0
40 3.13 0.61 0.44 0
80 12.5 0.88 0.66 70
100 19.53 | 0.93 0.73 100

Table 6 Norm of A = F~ 15 F1g for centered time support and frequency supports N = 512

ISf=12] | ¢ 1Al
10 020 | 0.44
20 078 | 0.82
40 313 | 0.88
80 12,5 | 0.9996
100 19.53 | 1.0000

distribution. With N = 512 we report the maximum and minimum of the norms of
Ass = F Dy FDg.

Table 4 lists norms of the matrix A = }'_IDE}'DS when S and X are both
uniformly randomly generated. The supports are obtained by choosing the largest
M = |S| = |X| elements from N elements randomly generated from a uniform [0, 1]
distribution. For N = 512 the normalized time frequency area c needs to be approx-
imately 10 before one starts finding x frequency supported in Y and having at least
half its energy in S.

Table 5 shows the eigenvalues in the case in which the time interval is centered at
the origin but the frequency support is randomly generated. For comparison, Table 6
illustrates the growth in the norm of A when the time and frequency supports are both
“intervals” centered around |N + 1]/2. In this case one gets a norm bigger than 1/2
even when the time-frequency area is strictly less than unity.

We also considered the question of how the norm of A scales with N. Here are some
brief observations. When N = 1024, and |S| = |¥| = 112, corresponding to ¢ ~ 12.5,
the norm of A ranges from 0.5964 to 0.6209. For N = 2048 and |S| = |¥| = 160,
again corresponding to ¢ &~ 12.5, the norm of A ranges from 0.5179 to 0.5308. For
N = 1024 and |S| = |¥| = 14 corresponding to ¢ = 0.195 the norm of A ranges from
0.1933 to 0.2119, taking 10 samples in each case. In particular, for a given normalized
time-frequency area, the expected norm of A appears to decrease with N. This decay
is consistent with the appearance of the factor 1/N A in Theorem 6. Its combinatorial



basis, in a nutshell, is that as N grows there is a larger proportion of sets X all of
whose frequencies necessarily interfere destructively substantially over S.

When are the CRT estimates useful? The quantitative, probabilistic uncertainty prin-
ciple estimates of Candeés, Romberg and Tao were motivated by compressive sam-
pling — the possibility of recovering a signal having a sparse but otherwise unknown
Fourier spectrum from a small number of measurements, with a high probability of
success. The methods are extremely important in such situations. In many radio fre-
quency (RF) applications, on the other hand, the full RF spectrum is not sparse and
is even dense in some regions, containing several frequency bands in which energy is
localized. Frequency allocation charts for the United States can be found on the Na-
tional Telecommunications and Information Administration web pages or the Federal
Communications Commission web pages. It makes sense to ask whether the reasoning
behind the CRT estimates applies to such a setting or to a heavily filtered version
thereof. For a given normalized time-frequency area, the vast majority of cases giv-
ing small norms for Agy in the CRT estimates involve highly disconnected Fourier
supports. This needs to be quantified more precisely.

Spectrum entropy. If X is a finite union of intervals, it induces a partition of its convex
hull [a, b] into intervals. One can then define the entropy of X' as the entropy of the
associated partition. Recall that the entropy of a partition P of a probability space
(X,B,u) is E(P) = = pep #(P)log u(P). For each interval P we can set u(P) =
[P/ (b — a).

Problem 7 Let S = [-T/2,T/2]. For fixed |¥| and hence fixed time-frequency area,
establish a quantitive, probabilistic relationship between the entropy of X and the
norm of Px,@Qr in the continuous and or finite settings.

The partition entropy is not a perfect measure of disorder in all cases. For example,
entropy can be large if 3’ consists of a large number of evenly spaced intervals even
though, in light of the Donoho-Stark uncertainty principle, this would be a case that
allows Px;Qr or at least its finite analogue to have large norm. This is one reason for
suggesting a probabilistic approach. It is of particular interest whether the probability
that Px; Q7 has one or several large eigenvalues decreases gradually as X' becomes more
disconnected or if this probability exhibits a sort of phase transition — a sharp decrease
as entropy or some other measure of disorder increases.

6 Sampling, interpolation, and eigenfunctions

As previously, suppose that S C R and ¥ C R are compact. Suppose that {zn} C R
and {¢n} C PWyx have the sampling/interpolation property

&)=Y fl@n)Pn(t),  (f €PWyx). (16)
n
To each sample point z, associate pn(t) = (]lg)v(xn —t) and define a matrix

At Apm = /S (B (L) dt. (17)
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Since Pyg = g * (1x)Y, on PW s one has the sampling formula
PyQsf(zn) = / (Zf Tm)Pm (t ) pn(t)dt = ZAnmf(xm) (18)
m

and the interpolation formula

PsQsf(t) = 3 (PsQsf)(@n) Yalt) = Z(Z A f(@m) )¥a(t)  (19)

n n

As in [19] one then has the following.

Theorem 7 If ¢ is a A-eigenfunction of P Qg then {¢(xn)} is a A-eigenvector of A.
Conversely, if v is a A-eigenvector of A and if ¢(t) =3, vmm(t) converges then ¢
s a A-eigenfunction of PxQg.

Proof Suppose that ¢ is a A-eigenfunction. Then (18) implies

Ap(zn) = (PoQse)(zn) ZAnmtp Tm),

that is, {¢(xn)} is a A-eigenvector of A.

To prove the converse we observe first that (16) implies ¥n(xm) = dnm so if
o(t) = >, vm¥m(t) converges then p(xm) = vm. If v is an eigenvector of A then
(19) gives

PxQgsp(t) Z <Z Anmp xm))d’n( )
= Z (Z Anmvm)wn = AZ vntn () = Ap(t).  (20)

That is, ¢(t) = >, vntn(t) is a M-eigenfunction.

The case of PSWFs. The sampling theorem tells us that any f € PW, satisfies
1 kN . k
0 =52 f(g)meals-5)
k€Z

In the terms above one has z; = k/2 and py(z) = %sinc oz — %) = ¢ (x). In this
case the sampling formula (18) becomes

on(3) = 3 ()

where

Ak = % /7;/22 sin(:Q(a: — %)sirm()(x — %) dx. (21)

Here the matrix A is real and symmetric, hence has a decomposition A = UDU T in
which D contains is diagonal and the columns of U are the sample vectors ¢n (k/{2)
and one has the orthogonality

7 2o (g)er() = e =

kEZ
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stating that the sequences of samples of the {¢n} form an orthonormal basis for the
space SPW ¢ 22 £2(Z) of samples of PW ;. Khare and George [21] and Shen and Walter
[41] showed this independently and they also showed that

S on(2)en( ) = e )
n=0

which says that the sum over n of the PSWF samples forms the reproducing kernel (the
Dirac delta) for the sample space. An interesting problem, which we state imprecisely
here, is to quantify the extent to which these identities approximately hold for the
space of essentially time- and bandlimited signals.

Problem 8 Establish asymptotic error bounds for the quantities

Ay

Ao
B, A) = Y ea(5)ee(’) and F(m,&Ag):Z%(%)%(é)
n=0

m=—A1

with A; and As regarded in terms of the area 27

Double orthogonality revisited. In Section 2 we saw that the eigenfunctions of Px;,Qg
are orthogonal over S — as well as over R — provided the kernel of Psx,Qg is real-valued
and even. In the case of the PSWFs this double orthogonality also follows from (22),
since

/ " @ = Y aly) | v sinc (v — 5 ) welw) do

~T/2 meEZ =T/2
=% 3 el(p)e(7)
meZ

Projections and sampling. The Shannon sampling theorem says that any f € PWg
can be recovered from its samples along Z/f2. The orthogonality of the eigenvectors
{on(m/2)} of A in (21) allows one to compute the projection of f € PWy, onto
the span of the first several eigenfunctions of PnpQ7 in a particularly convenient way
because one only needs to compute the sample inner products. On the other hand,
pointwise decay of the eigenfunctions suggests that the projection can be computed
solely from those samples near [—7/2,T/2] to within a given error with estimates
parallel to those sought in Problem 8.

This also raises the question of what is required in order to extend this samples to
projections method to the case of Py, Qg operators. Obviously one wants first that the
conditions of Theorem 7 hold.

Problem 9 Suppose that {zn} C R and {¢n} C PWyx have the sampling and inter-
polation property (16) and let the matrix A be as in (17) so that the eigenvectors of A
correspond to the eigenfunctions of Py;(Qg as in Theorem 7. Formulate the orthogonal
projection onto the direct sum of the eigenspaces of the IV largest eigenvalues as a map-
ping from the samples {f(zn)} to the coefficients (f, ) of f with the corresponding
eigenvectors of Py,(Qg. In addition, provide quantitative estimates for the errors that
arise when only samples near S are used.
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Of course this problem cannot be addressed without understanding first the nature
of the interpolating functions %n in (16). In the next section we will review some
methods for their construction in the case of multiband signals.

7 Sampling of multiband signals

Theorem 7 presumes the existence of interpolating functions v such that any f €
PWy can be written f(t) = >, f(2n)¥n(t). Up to this point little has been said about
how one might construct such interpolating functions. When X is a finite, pairwise
disjoint union of intervals a number of sampling methods have been developed. We will
concentrate on two such methods, those due to Venkataramani and Bresler [40] and
to Behmard and Faridani [3] (cf. also [4] for more recent work). Two notable related
approaches that rely on iterated filterbanks are due to Herley and Wong [13] and to
Eldar and Oppenheim [12]. These approaches and others conceptually lie somewhere
between those of Venkataramani and Bresler and of Behmard and Faridani.

7.1 Multicoset approach (Venkataramani and Bresler)

The work of Venkataramani and Bresler identifies interpolating functions for peri-
odic nonuniform sampling or multicoset sampling of multiband signals. Let X =
U,ivzl[ak,bk] where by < ap41 and, for convenience, let a; = 0 and by = 1/T". Then
PWx C PWg,1/7) and any f € PWx can be recovered by sampling at the Nyquist
rate of T samples per unit time. Fix a large integer L. For f € PWy denote s = s(f)
the sequence with n-th coordinate s, = f(nT) = f(-nT). For k = {0,1,...,L — 1}
we define the k-th sample coset s;, of s to be the sequence with n-th term sg,, = sn
if n = k+ mL for some m € 7Z and s, = 0 otherwise. In engineering parlance,
S = akULDLafks where o is the shift operator (os)n = sp,—1 and Dy, and Up, are
the respective operators of downsampling and upsampling by the factor L. To each s,
one associates its 1/LT-periodic reversed Fourier series

Sk(f) _ Z SknGQTrian — e27rikT§ Z ]?((k' + mL)T)GZTrimLTg -
n meZ

1 = £\ _omike/L 1
=7 2 (et p)e celogp) @y

The last equality is seen by multiplying both sides by e 2™kTE Then its left hand side
becomes the Fourier series of Eé;;ol g(E+£/(LT)) where g(§) = %f(g)e_%“ﬁf.

One would like to be able to reconstruct f from P out of L of its sample cosets
si where, ideally, P/L ~ T'|X|. Then, on average, approximately |X| samples per unit
time are needed to reconstruct f. In what follows we will outline Venkataramani and
Bresler’s methods for the case of reconstruction from the first P out of L cosets. The
corresponding sampling method is often referred to as bunched sampling. The method
for choosing P is called spectral slicing.
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Fig. 5 Multiband spectrum X' C [0, 5]

o.a 0.6 o.a 1

Fig. 6 Pullback of multispectrum, L =5, T =1/5, 1/(LT) =1

Spectral slicing. To subdivide the spectrum in an efficient way one starts by denoting
the moduli of the endpoints of X' C [0,1/7] modulo L—lT as0=v<m < <
vy where M < 2N since multiple endpoints can have the same modulus. For each
m = 1,...,M set I'm = [ym—1,7m]. For each ¢ € {0,...,L — 1}, I, + ﬁ is
either contained in one of the intervals in X' or is disjoint from Y. Define index sets
Im = {€: I'm + 7y C T} and Jm = {€: I'im + 77y N X = 0}. Spectral slicing is
illustrated in Figs. 5 and 6.

Interpolating functions. Let P = max,,—1,.. pr |Zm|. For each m = 1,..., M define a
partial Fourier matrix Fy, by retaining entries in the first P rows and the columns of
the L x L DFT matrix corresponding to ¢ € Z,,, and setting all other entries equal to
zero (here one labels the columns from 0 to L — 1). For the purpose of constructing
interpolating functions it is not strictly necessary to use the first P rows — any fixed
choice of P rows such that all of the resulting Fy, have full rank |Z,,| is sufficient.
Denote by F,;l a fixed partial left inverse of F, (that is, F,;lme = X whenever
2y =0, £ ¢ Iin) and let Gy, be any left annihilator of Fiy,, that is, GmFm = 0.

The first step in defining appropriate interpolating functions is to extract the spec-
tral components. For each £ € {0,...,L — 1} set

-~ -~ L
Fo© = F(e+ 77)1n,,  (ETn)
(one can take f; = 0 if £ ¢ UZ,,). Since (24) says that Sj(€) is (up to normalization)
the L x L DFT of the sequence {f(£ + ¢/LT)}, one can recover fy (£ € Ip,) from the
components Si, k=0,...,P —1 via

P-1

fg =LT Z(Fm)zklsk: on I'm.
k=0
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Then expressing f = > fp one obtains for £ € [0,1/T],

~ M P-1 )
fo=>% (LT > (Fn)gy Sk(©)1r, (§ - ﬁ»
k=0

m=14€T,,

Taking inverse Fourier transforms then yields

e’ P—-1
F@) = > > f((k+nL)T)gy(t +nLT) where (25)
n=—oo k=0
M .
o) = LT Y N (Fm)yl (Lr,) (¢ + kT) 2™ EFRTI/ET) (26)
m=1/¢€T,,

which expresses f as a sum over the first P of its L sample cosets. This choice corre-
sponds to taking the left annihilator G, above to be the zero matrix. One can define
more general interpolating functions by taking

N
on(t — kT) = LT Z ( Z (Fm)zkleQWZKt/(LT) I Z (Gm)%ezmet/(w))ﬂm (t).
m=1 (€T, LETm

The matrices Gy, might serve to construct interpolating functions with better local-
ization properties. A detailed analysis of the aliasing errors that arise from these tech-
niques is also provided in [40].

Issues with spectral slicing. The parameter L € N is called the slicing parameter.
Complexity of the coset sampling depends on a judicious choice of L as the following
examples illustrate.

Example. Consider »' = [0,1/p] U [1 — 1/q,1]. Since X' C [0, 1] the Nyquist rate is
T = 1. The Landau rate on the other hand is |¥| = (p+¢)/(pg) samples per unit time.
This rate can be achieved with L = pq.

Example. Let X' = [0,1/2]U[2/3—¢,1—¢]. The Nyquist rate is 1 —e ~ 1 for small € and
the Landau rate is 5/6. Taking L = 6 will yield P = 6 so there is no improvement in the
sampling rate. If € = p/q then L = lem(6, ¢) will yield a sampling rate of 5/6. In this
case it is questionable whether the improvement in sampling rate merits the increase
in computational complexity. In summary, the distribution of X' plays a prominant role
in the tradeoff between sampling efficiency and computational complexity.

7.2 Layered lattices (Behmard and Faridani)

Periodic nonuniform sampling is one means of reproducing multiband signals from a
fixed set of interpolating functions. An alternative approach is to identify a lattice that
fits each frequency support interval and then peel off components of f € PWyx by
resampling remainder terms not accounted for by lattice samples from previous layers.
As before, let X = Ulag, bi]. In algorithmic terms, first one samples on Z/(b; — a1),
then subtracts a suitable interpolant, and iterates on the remainder, sampling along
Z/(ba —az2) etcetera. Care must be taken when the lattices intersect — when the interval
lengths are rational multiples of one another.
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As an example, suppose that X = Iy U Iy with |[;] = 1/2 and |I2] = 1/3. To
account for I; one should sample along 2Z and for I one should sample along 3Z. The
problem is that there is no way to disentangle information associated with I; and I
contained in the samples along the intersection 6Z. This suggests that, instead, one
might sample along 2Z U (3Z 4 «) for a # 0.

This is the sort of approach that underlies the work of Behmard and Faridani [3].
Their results are phrased in the language of a locally compact abelian group G, which is
a natural context for their approach. But the essence of their results is already captured
in the case G = R, as reviewed here. The following is a corollary of Theorem 2 of [3].

Theorem 8 Let Iy C Iz and let ¥ = IoU(n+11) express X as a disjoint union of two
intervals. Fiz x1 and xo such that for alln € Z, n(x1 —x2+ ﬁ) ¢ Z. Set p; = (17,)",
i=1,2, and let

Saf(z) = f(a?2+%)<p2(xfx2 - %)

mEZ

Then one can write f = So + g where

g(x) = (1 — e%ri(:rfm)n) Z g(x n L) ®1 (33 —x1 — ﬁ)
ne’z ! |Il| 1— e2ﬂ'i(w1_w2+‘%l,l)n .

Example. Let I} = [0,1/3] C [0,1/2] = Iz and set n =2/3 —€eso X =[0,1/2]U[2/3 —
€,1—¢]. Let 71 = 1/2 and z2 = 0. Then we can write Sa f(z) = >_,,,cz f(2m)p(o,1/2) (z—
2k) where @[, 5] = ]lffl p)> and then

T —e€ 9 3n + 3 1
g(ZC) _ (1 _ e2 (2/3 )) Z ﬁ(pp/?)fe,lfs] (l‘ — 5 — 37’L)

neEZ

where cc = e™(2/3=¢) Expressing f = g + Sof shows that f can be recovered from its
samples along 27 U (% + 3Z), therefore at an average rate of 5 out of every 6 samples.
The average sampling rate is thus optimal as one also obtains with the Venkataramani
and Bresler methods with large L, but the sampling set here does not correspond to
cosets as defined by Venkataramani and Bresler. Theorem 8 can be extended to unions
of more than two lattices. Then one has to reiterate the process that defines g as a
remainder.

The Venkataramani-Bresler and Behmard-Faridani theorems are examples of how
to obtain sampling sets {xrn} and interpolating functions ¥, that give rise to (16) as
mentioned also in Problem 9. The distinct sampling methods will also lead to distinct
formulations of sampling projections onto spaces of approximately time and frequency
localized functions.
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A Outline of Proof of Proposition 3

A.1 Relational calculus on Z37.

Partitions of {1,...,N}. A partition P of A= {1,..., N} is a collection Ut, . .. Uy, of subsets
of A that are pairwise disjoint (U; NU; = () and such that each element of A is contained in one
of the Uy (UUy = A). A partition can also be thought of as a decomposition of an equivalence
relation into its equivalence classes and this is the approach taken by Candés, Romberg and
Tao [9]. In the following outline of their arguments we translate their relational calculus into
the language of partitions. When P = {Uy,...,Us} we will write U; € P and we will denote
by |P| the number k of nonempty subsets (classes) into which P partitions A. A partition
Q ={U{,...,U}} is called a refinement of P = {Uy,...,Us} — expressed by P < Q — if for
each U/ € Q there is a U; € P such that U/ C Uj. In other words, Q repartitions each of the
partition elements of P. Finally, we will write P = P(A) for the collection of all partitions of
A partially ordered by refinement.

Stirling numbers. Partitions of finite sets satisfy certain combinatorial properties. For exam-
ple, the Stirling numbers of the second kind St (n, k) enumerate the number of distinct ways
in which a set of n elements can be partitioned into k pairwise disjoint subsets. These numbers
satisfy

St(n+1,k) =St (n,k— 1) + kSt (n, k)

since, if a is a distinguished element of A (where |A| = n + 1) then St (n,k — 1) counts all
of those k-partitions containing the singleton a as one of its elements while k St (n, k) counts
the k different ways that a can be added to one of the elements of each of the k-partitions of

A\ {a}.

Function partitions. If A and B are finite sets then any function f : A — B partitions A by
setting U; = f’l(ﬂj) and Py = {Uy,...,U}. Here B31,... 0} refers to an enumeration of the
range of f. If o is any permutation of the elements of B then g = o o f gives rise to the same
partition P = Py = P, where, now, U; = g’l(a(ﬂj)) so the enumeration of the partition sets
might be different but the partition elements will be exactly the same. In fact, if Py = P, then
g has the form o o f for some permutation o of the range. A lattice structure on the functions
mapping A to B can be defined by f <« g if Py < P, (i.e., Py is a refinement of Py).

Ezpected values. Suppose it is stipulated that f has a random frequency support in which
each frequency is a Bernoulli random variable. In what follows we consider N point DFTs
and denote by (2 a subset of Zx that is randomly generated with each w;, j =0,...,N —1
belonging to 2 with fixed probability 7 = E(|§2|)/N for a desired expected value of |£2|. Thus
12 is defined in terms of N Bernoulli random variables I(w;) taking value zero if w; ¢ 2 and
one if w; € £2, each with probability 7. We will sometimes write I(w;) = 1o (w;) where the
latter indicates explicitly whether w; € £2.

A.2 Traces of powers Powers of Hgg)

Recall that Agn = Dsf]?,lD_q]-'N is the finite analogue of QgsPgp. One has Agp A%, =
DS}';,lDQ]:NDS and the auxiliary matrix H = Hg¢ where

His 1) — 0, s=1 v
(s1) = c(s—1t) s #t, c(u):zwege217\r71'“’“

satisfies Hso = NAgoAg, — [92|1.

The function on Zpy obtained by taking the trace of a power of H = Hgy, is far from being
an arbitrary function and one takes advantage of this in estimating the likelihood of H having
a large norm.
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A diagonal element of the 2n-th power of H can be written
H?™(t1,t1) = > [T et —ti1)
to,..tonitjFAtjp1 J

where 2,11 = t1. The expected value of the trace of H2" is that of the sum over these diagonal
elements, namely

Ee@E) = Y E| Y RS- Jm}
to,..otonttjFtiLn W1 ,ye.wan €02

> ORI = SR

ta,..otonitj#tj41 0<wy,. . wan <N

2n
II I(wj)]

j=1

where one has applied the linearity of expectation together with the definition I(w) = 1 if
w € {2, where I(w) is regarded as a {0,1}-Bernoulli random variable with expected value
7€ (0,1).

Ezpectation conditioned on a partition. Any vector w = (w1,...,wan) € Z%,” can be re-
garded as a function from {1,2,...,2n} to Zx. As such, w induces a partition P, of {1,...,2n}
whose partition elements are the inverse images of the frequency elements w; € Zpy. Once
w = (w1,...,w2n) is fixed the values of I(w;) and I(wy) are equal if w; = wy so one can
think of w and its partition P = P,, as inducing a conditional expectation on {1,2,...,2n} by
forcing I(wj;) = I(wy) whenever j, k belong to the same partition set. Then

2n
I1 1(%’)} =77l
j=1

whenever P,, = P. Thus coarser partitions yield higher expected values.
Given a fixed partition P, denote by W (P) those w € Z3" such that P, = P. Then

E(tr(H*")) = > APl ST R T et

to,..,tont;#tj 1 PEP weW (P)

E

A.3 Combinatorics for exponential sums

Candés, Romberg and Tao introduced at this stage certain inclusion-exclusion formulae that
allow simplification of the exponential sums inside the sum over the partitions. In what follows,
for V.C A, P(V) denotes the partition of V' induced by the partition P of F.

Lemma 3 (Inclusion-exclusion) Let A and B be finite, nonempty subsets. Then for any P €
P(A) and any f : BlAl = C,

> fw) =3 PRI ap@l-1n X Y ).
weW(P) Q<P veQ R<QuweW(R)
By splitting A into its partition elements with respect to a fixed @ one has

U]

S AP =)PEIRICTT (p@) = 1)) = [T D2 st(ul, k) (=)IVI=F (K — 1)

P:Q<P veQ UveQ k=1

where, as before, St (n, k) is the Stirling number. The inner sum depends only on |U| and 7
so, defining F(n,7) = Y. 7_; St (n, k) 7% (=1)"~*(k — 1)! we see that

S AP IPI=RICTT (@) -y = ] F(UL7)

P:Q<P veQ veQ

In summary,
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Lemma 4

DIELAEDY f(w)=2{2 3 f(w)] 1 Faul»

PeP wEW (P) QeP LR<Quwew(R) UeQ

2mi (t—ts
Specializing to f(w) =e N Ligj<en @it —tit) yields the following formula for the expected
trace of H2™:

E(tr(H?")) = Z Z Z Z 92§L27 1wi(ty—ti41) H (ul, 7).

PEP ta,... tan:tj#tj 11 RSP weW(R) UeP

Fix P and U € P and set ty = 3y (¢ — tj+1). For w € W(R) (R < P) the value of w;
then depends only on the partition set containing j so we write w] = wy; however, as R ranges
over R < P and w ranges over W(R) the set of {wy = (wy,, .. WU p| )} ranges premsely over

ZII\};I. In light of this we have

2mi 27i |P| =0allU
Yvepwulu — Ywyty — J N7ty a
Z Z en < Z en { 0, tU#OsomeU.
R<PweW(R) wyezlf!

Substituting this back into the expected trace formula above leads to the following.

Lemma 5

E(tr(H*") = ) > NIFHTT Ful o).

PEP ta,...,tan:tj#tj 11 and VUEP,ty =0 UepP

This represents a rather dramatic simplification of the expression for E(tr(H2")). However,
it remains to estimate the number of terms for which t;; vanishes for all U € P and then to
estimate [[;;c p F/(|U], 7). The first point is addressed as follows.

Lemma 6 For any P € P,
#{t €S> : ty =0forall U € P} < |S]>n~IPIF1,

Any further estimates on E(tr(H?n)) reduce to estimating F(n,7) and to counting the
number of partitions of {1,...,2n} whose partition set sizes have a given distribution. The
starting point is the following formula for F(n, ) which follows from the recursion relation for
the Stirling numbers:

Fin,m) = 30 (<) T
e k=1 (L—m*

With this formula one can obtain bounds on F'(n, 7) once the size of 7 is fixed. For example

Lemma 7 Letn>1 and 0 <7 < 1/2 and set 7% = ;7. Define

B T* if m<e™™
G(n + 1) = en(lognfloglog _,_%71) ifr>e ™

Then |F(n,7)| < G(n).
Applying Lemmas 5 and 6 one concludes that
n
E(tr(H2m) < 3 NFIS2eR ST T equ). (27)
k=1 P:|P|=kUEcP

Convexity of log G(n) together with more partition combinatorics and induction lead to the

estimate 1
Z H G(‘U| 1)' on— 2k+1 G(2)k:
P:|P|=kUEP )



and summing over k in (27) results in the estimate

!
E(tr(H>)) < ni’f'c:(z)"\swﬂzvn.
n:

Applying the classical Stirling approximation then yields

E(tr(H2")) < n22n+lpne=nG(2)" S| HIN™,

This completes our outline of the proof of Proposition 3.
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