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1. Introduction The relative homological algebras generated by taking classes
of completely decomposable groups as projectives have several interesting properties
which we investigate in this paper. A group1 is completely decomposable if it has a
decomposition as a direct sum of rank one groups, the rank one groups being the
group () of rationals, groups of the type Z(poo) and subgroups of () and the Z(poo)’s.
If Cis a class of groups, the relative homological algebra generated by C consists
of the class & = 5(0) of all short exact sequences A »» B —» (' of Abelian groups for

which the sequence
0 — Hom(G, A) — Hom(G, B) — Hom(G,C') — 0 (*)

is exact for every (G € C. Associated with & are the class C of all groups (& for which
(*) is exact for all sequences A — B — (' € £, and the class T = I(g) of all groups
(7 for which the sequence

0 — Hom(C,G) — Hom(B,G) — Hom(A,G) — 0

is exact for every A — B —» (' € €. The class &£ is the class of proper short exact
sequences. The class C is the class of projectives and the projective closure of C. The
class Z is the class of injectives.

If Cis any set of rank one groups it follows immediately from Theorem 1 in [6] that

there are enough projectives, i.e. for each group A there is a proper exact sequence
K—C—>A

with C € C. It also follows from this theorem that C consists of all summands of
direct sums of groups in CU{Z}, where Z is the group of integers. It then follows

*Work on this paper was partially supported by NSF GP-21448.
IThe word group will mean Abelian group throughout this paper.



from theorems of Kulikov [4], Kaplansky [3], and Baer [1], and theorems about com-
pletely decomposable torsion groups that C consists of all direct sums of groups in
CU {Z} Kulikov proved that summands of countable completely decomposable tor-
sion free groups were again completely decomposable, and Kaplansky reduced the
general prohlem to the countable case. Baer proved that any two decompositions of
a completely decomposable torsion free group into a direct sum of rank one groups
are isomorphic, so C does not contain rank one torsion free groups outside of zU{Z}.
Similar theorems for completely decomposable torsion groups are well known.

Thus the classes of projectives in these relative homological algebras are com-
pletely known. The aspects we will explore are descriptions of the proper exact
sequences, and determinations of the relative homological dimensions.

A long exact sequence

fn—l

...—>Gn+1ﬂ>Gn—>Gn_1—>...

is a proper exact sequence if each short exact sequence
Imf, — G, —»Imf,_

is a proper short exact sequence. A proper projective resolution of a group (G is a

proper exact seqence
oo m Py =P, —-PFP, 1 —>...5 P> Fh>G (**)

with each F; € C. 1t follows easily from the existence of enough projectives that every
group has a proper projective resolution. If (G has a proper projective resolution (**)
with P, = 0 for m > n, G has C-projective dimension < n. If G has no such
resolution for any integer n, (G has ingnite C-projective dimension. The projective
dimension of the relative homological algebra is the least upper bound of the C-
projective dimensions of all groups. We can ascertain dimensions only in a few special

cases. Also we can determine the class of injectives only in a few special cases.

2. Classes of divisible and free groups. Projective classes which contain divis-
ible groups were investigated in [6]. It was proved there that the group () of rationals
is in C if and only if for each short exact sequence A »— B —» ('in & = S(C), the

sequence of subgroups

ANdB — dB —» dC

is exact (where d(G denotes the maximum divisible subgroup of () and A N dB is
the direct sum of a cotorsion group and a divisible group (i.e. Ext(Q, ANdB)=0).
The group Z(poo) is in C if and only if for each short exact sequence A»>— B —» (' in
&= S(C) the sequence of subgroups

dA, — dB, —» dC,



is exact (where de is the maximal divisible p-primary subgroup of (). Also, C
contains all divisible groups if and only if for each short exact sequence A — B —» (

in &= S(C) the sequence of subgroups
dA — dB —» dC

is exact. These theorems characterize the proper exact sequences in all cases where
C is a set of divisible groups.

If Cis any set of rank one torsion divisible groups or the set of all rank one divisible
groups then the class of divisible groups in C is closed under homomorphic images.

Thus each group (¢ has a unique maximum divisible subgroup C(G) belonging to 5,

namely, Im (ZCeC ZHom(C,G) C — G>
Let 7 — (G be a free group mapping onto (G and let C(G) — (7 be the inclusion

map. It is easy to see that the sum of these two maps
K— Fac(G) —» G

gives a proper projective resolution of length < 1 The group K must be a free group,
since projecting into F'is a monomorphism.

The only other possibilities are sets C of divisible rank one groups with () € C
and Z(poo) Qf C for some prime p. We show that in this case Z(poo) has C-projective
dimension 2, and that the relative homological algebra generated by C has projective
dimension 2.

If G is any group, there is a decomposition G = D @& R with D divisible and R
reduced (i.e. [ contains no non-zero divisible subgroup). Then ) decomposes as
D =Dy& D with Dy € C and Dy containing no non-zero subgroups in C. If we have

a proper projective resolution of Dy
...—>P3—>P2—>P1—>P0—»D1

we may assume each F; is torsion free, since, for example, HOIH(Z (poo),Dl) = 0 for
all Z(poo) € C. Let F} »— Fy —» R be a free resolution of R and let Dy — Dy be the

identity map. It is easy to see that the sum of these sequences
...—>P3—>P2—>P1@F1%Do@Po@FO%Do@Dl@R:G

is a proper projective resolution of (. This reduces the problems of relative homo-
logical dimension to determining what happens for divisible groups ) which have no
nonzero subgroups in C, and this quickly reduces to ¢nding resolutions for groups
Z (p*°) which do not belong to C.

Suppose Z(poo) % C and let P be the additive group of p-adic integers. Then

P® Q is torsion-free divisible and there is an exact sequence

PHP@Q—»Z(})OO)



This sequence is proper since P is cotorsion. Let K »— F — P be a free resolution
of P. This is a proper projective resolution, since P is reduced. Composing the two

sequences gives a proper projective resolution
K—F—->PRQ—>7Z(p>r)

of Z(p>). Thus Z (p™) has a C-projective dimension at most 2. Let
Fy @ Dy — Fo@® Dy - Z (p™)

be a short exact sequence with F, Fg free and Dy, Dy torsion free divisible. If the

sequence is proper, then so is
Fy — Fo & (Do/Dy) - Z (p™)

so we may as well assume [); = 0. Then if the sequence is proper, F1N Dy is both free
and cotorsion plus divisible. This implies F; N Dg = 0. Thus the map Dy — Z(poo)
is a monomorphism. But this implies Dg = 0 since Dy is torsion free. But clearly the
sequence [ »— Fy —» Z(poo) is not proper. We conclude the original sequence is not
proper. Thus Z(poo) has dimension exactly 2 if C is a set of rank one divisible groups
with () € C and Z(poo) Qf C, and the relative homological algebra has dimension 2.

The relative Ext functors can be computed in terms of Hom and Ext for C any set
of divisible groups. If () ¢ C then any group ( has a maximum divisible subgroup [
belonging to 5, and it is easy to show that

E'(G,A) =& (G/D, A) = Ext (G/D, A)

and & (G,A) =0 for n > 1. Now suppose Q) € C and let I = {p:7Z(p>) ¢ Z} A
group (7 has a decomposition G = D& Dy R with Dy € 5, Dy a divisible subgroup
of (G which has no non-zero subgroups in 5, and R reduced. Let rp be the prank
of Dy. Then for any group A, we have £" (G, A) = " (D3, A) & E" (R, A). Also,
E'(R,A) = Ext(R, A) = Ext(G/dG, A), and " (R, A) =0 for n > 1. The problem
comes down to computing &” (Z (poo) ,A) for p€ I, n =1,2. For each prime p € I,

there is a proper exact sequence
P(p) — D - Z(p~)

with P(p) the additive group of p-adic integers and [) torsion free divisible. This
leads to the exact sequence

Hom(D, A/dA) = 0 — Hom(P(p), A/dA) — EY(Z (p™), AJdA) —
— EYD,A/dA) =0 — EY(P(p), A/dA) = EX(Z (p™),A/dA) —
— E*(D,A/dA) =0

and we have isomorphisms

Hom(P(p), A/dA) = EY(Z (p™), AJdA) = EY(Z (p™), A)



and
Ext(P(p), A) = E'(P(p), A/dA) = EX(Z (p) , A/dA) = EX(Z (1) , A).
Combining these results, we have

£1(G, A) = Ext(G/dG, A) & [ [ [] Hom(P(p), A/dA)

pel rp

and

(G, A) = [T Ext(P(p), A)

pel rp

whenever () € C.

The other aspect of these relative homological algebras is the class of injectives.
In this aspect, the relative homological algebras are degcient. If (G is any reduced
group there is a prime p for which pG 75 (7. For such a prime, there is a non-splitting
extension G — H —» Z(p). But such an extension is proper for any class C of rank
one divisible groups. Thus there are no reduced injectives for any of these relative

homological algebras.

3. Completely decomposable groups. We turn now to the set C of all rank one

groups. As mentioned in the introduction, C is the class of all completely decompos-
able groups. A couple of the properties of the proper exact sequences in & = S(C)
are easily observed. First C contains all primary cyclic groups, so the sequences in
& are pure, ie. if A C B then A — B —» B/A € & implies ANnB = nA for all
positive integers n. Second, C contains all rank one divisible groups so the sequcnee
dA — dB — dC of maximum divisible subgroups is exact whenever A — B —» (
belongs to €. In the case both A and (' are torsion, these two conditions are su(Ecient

to imply an extension A — B —» (' is proper.

Theorem 1 If A, C are torsion, then a short exact sequence A — B —» (' is proper
with respect to the projective class of completely decomposable groups if and only if
the sequence is pure exact and the sequence dA »— dB — dC of maximum divisible

subgroups is exact.

Proof. We have already observed the necessity of the conditions. Suppose A »—
B —» (' is pure exact and the sequence of maximum divisible subgroups is exact.
Then Hom(G, B) — Hom(G, C) is an epimorphism for all groups (G € C which are
either torsion or divisible. If Z C G C () and f : G — C then the image of f is
torsion, hence isomorphic to a subgroup of Q/Z Thus Im f € 5, in fact Im f = ZTp
where 1}, = Z(pn) for some 0 < n < oo. The inclusion Im f C ' can thus be factored
through B — C'. But this factors f as well, so we have Hom(G, B) — Hom(G, C) an
epimorphism for all G € C, and the sequence is proper. B

Ot



In the case both A and (' are torsion free, the proper sequences have been char-
acterized by Lyapin [5]. Lyapin’s theorem and other relevant information are in [2],
46. We need a couple of degnitions before stating the theorem. If (G is a torsion free
group and x € (5, the height of x in (& is the sequence Hg (”L’) = <k‘1,]€2,...> where,
if p1,pa,...is a listing of the primes in their natural order, k; = k if = € pr and
z Qf pf—HG, and k; = oo if x € pr for all positive integers k. If G and G/H are both

torsion free then a coset = € G/H is regular if x contains an element a such that

H (b) < H (a) for all b € x.

Theorem (Lyapin). Let the factor group G/H of the torsion free group (G be a
completely decomposable torsion free group. Then ( is the direct sum of H and a

completely decomposable group if and only if every coset of G/H is regular.

Our second theorem follows as an immediate corollary.

Theorem 2 If A, C are torsion free, then a short exact sequence A »— B —» (' is
proper with respect to the projective class of completely decomposable groups if and

only if every coset of B mod A is regular (i.e. contains an element of maximal height).

In order to state a general theorem we need to modify the degnition of regular
coset. If x € G, 0(.1:) denotes the smallest positive integer n such that nax = 0, if such
exists. Otherwise 0(37) = o00. If ais an ordinal, p®*( is degned inductively as follows.
If vis a limit ordinal and pﬁGis degned for # < a, then p*G = ﬂg<apﬁG. If a=p0+1
and pﬁG is degned, then p°G = p(pﬁG). Now if x € G, Hg (”L’) = <k‘1,]€2,...> where
k; is the ordinal such that at = € pr and T ¢ pf—HG, if such exists, and k; = oo
if * € pr for all ordinals k. We will encounter only heights with the k;’s either
integers or 00. Note that to say & has height o0 at the prime p means ¥ belongs to
the maximum p-divisible subgroup of (G. If  also has order a power of the prime p,

this means « belongs to the p-primary divisible subgroup dG of .

Degnition. Let H be a subgroup of a group (G. A coset x € G/H is regular if for
each rank one subgroup A/H of G/H containing , there is an element a € x such
that 0(&) = 0(:(:) and HA(CL) = HA/H(x). The subgroup H is a regular subgroup of GG
if every coset of G/H is regular. A short exact sequence H ~— (G — K is regular if
the image of H is a regular subgroup of G.

We need to verify that this degnition is equivalent to Lyapin’s in the event both
(G and G/H are torsion free. It is easy to see that if a coset is regular in the sense
just degned, then every coset has an element of maximal order. If © € G/H and
both G and G/H are torsion free, then there is a pure rank one subgroup P/H of
G/H containing . Then use the equalities Hp/H(.I) = Hg/H(l’) and for a € =z,
Hp(a) = Hg(a), to get an element @ € T of maximal height. For the converse, we
need to apply Lyapin’s theorem. If (G and G/H are both torsion free and every
coset of G/H contains an element of maximal height, let x €& A/H - G/H with
A/H rank one. There is a pure rank one subgroup P/H of G/H with A/H - P/H.



Applying Lyapin’s theorem to P/H we get P = H @ R for some R, and consequently
A= H@(Aﬂ R). Now pick @ € z such that a € AN K and we get HA/H(eT) = HA(CL).

Our aim is to prove that the regular exact sequences are precisely the proper short
exact sequences in the relative homological algebra generated by the projective class

of all completely decomposable groups. Most of the work lies in proving the following

Lemma. If H is a regular subgroup of (' and G/H is a reduced rank one torsion

free group, then H is a direct summand of G.

Proof. Let 0 75 a+ H € G/H, with Hg(a) = Hg/H(a + H) = <k‘1,k‘2,...>. Let

F = {n:k‘n is anite}, I = {n:k‘n =OO}. For 1 € F, let a = pfibi. For 1 € I, we
know a € p*G, so we can gnd b,y € p*G with p;b;y = a. Pick b, j41 € pi°G with
pbi,j-l-l = bi,j} 7 =1,2. Let A be the subgroup of ( generated by the sets {bi}ieF and
{bivj}iel,jez+' We orst show A is torsion free. If x € A, x = Zie]nibi for J some
gnite set of positive integers, and where for 1 € JN I, b; = bi,ji- Suppose mx = 0 for
some M 7& 0. Let {; be a non-negative integer for which p?nibi is a multple of a. Let
q= Hiejp? and ¢; = q/py'. Then we have 0 = gmaz = my e qnibi =mY . qma,
where p?nibi = m;a. Then ZieJ g;m; = 0 since a has ingnite order. We infer that
pfi m; for © € J. This means pfinibi = p/mga for some m.. Now a = pfibi for some
h; > 0. This gives p?nibi = p§i+him§bi. Since b; has ingnite order, we infer that
n; = pzhlm; Thus Znibi = Zm;-a. This element is either 0 or of ingnite order. We
conclude that A is torsion free. Now if h € HNA, h = Znibi as before, and for
some integers m 75 O,T we have mh = ra. But O(CL + H) = oo implies 7 = 0. Since
A is torsion free, this implies A = 0. It remains to show (& is generated by the two
subgroups A and H. Since G/H has rank one, G/ (A ) H) is torsion, so it will su(Ece
to show this quotient has no elements of order p for any prime p. Suppose px € ADH.
Then px = Znibi + h, and for some 0 7£ m, mpr = ra-—+ mh. Let m be the smallest
such integer. Now if p|T, we have mh € pH, and mh = ph' for some h' € H, since H
is pure. This means mx — r’a — k' has onite order. But H contains all elements of
gnite order, since G/H 1s torsion free. Thus we have mx € A@H, and mx =r'a+h"
with A" € H. Now pj[m, otherwise (m/p)p:l: = r'a + h" contradicts the choice of m.
Thus there are integers s,¢ with sp+tm = 1. Then x = spr +tmx € AD H. We
conclude that G = A® H, and the lemma is proved. B

Theorem 3 Let H be a subgroup of a group (G. The short exact sequence H »— G —»
G/H is proper with respect to the projective class of completely decomposable groups
if and only if H is a regular subgroup of G2

2Another characterization came to light after publication thanks to a suggestion of E. A. Walker.

Theore A short e act se uence belongs to if and only if for e ery se-
uence of non-negati e integers and symbols inde ed by the set of primes the se uence
is e act. y restricting to the rele ant set of se uences this

easily generalizes to characterizations of the e act se uences that arise for di erent classes of rank
one groups.



Proof. Suppose the sequence is proper. Let = € A/H - G/H with A/H rank
one. Then A= H @ B for some subgroup B of G, and z = b4+ H for some b € B.
Clearly HA(b) = HA/H(:C) and O(b) = 0(.17). Now suppose the sequence is regular.
Let C be any rank one group and f:(C — G/H a homomorphism. Let A/H be the
image of f. We will show H is a direct summand of A. Then writing A = H & B,
C — A/H —» B G —>» G/H factors f through G —» G/H, showing the sequence
is proper. If A/H is torsion free, the lemma says Ais a summand of H. Otherwise,
A/H = Ep AP/H with A?/H = Z(p") for some 0 < n < oco. If n < 00, every coset
of Ap/H having a representative of the same order implies H is a summand of AP,
If n=o00,let a+ H € Ap/H have order p. Then we may pick a with O(CL) = p and
p-height 0o. This implies a € D? C AP with D? = Z(p>). Since D? and H have no
elements of order p in common we conclude DP N H = 0. Then since every proper
subgroup of Z(p™) is gnite, and (D? @ H)/H is ingnite, we have D? & H = AP. Thus
for every prime p we have a decomposition A? = D? & H (with DP? either isomorphic
to Z(p™) or cyclic). It follows easily that A= H & Zp DP m

We do not know the dimension of this relative homological algebra. owever,
we can determine the dimension of certain groups. We need only consider reduced

groups, since all divisible groups are projective.

Theorem If every rank one torsion free subgroup of a reduced group (3 is free then
(7 has projective dimension 0 or 1 with respect to the projective class of all completely

decomposable groups.

Proof. For such a group (7, every rank one subgroup is cyclic. Let P be tbe
(external) direct sum of all cyclic subgroups of (¢, and P —» (G the map induced
by inclusions. Clearly Hom(C, P) — Hom(C, ) is an epimorphism for all rank one
groups C'. Then K ~— P —» (G is a proper projective resolution, since subgroups of

direct sums of cyclic groups are again direct sums of cyclic groups. B

This theorem says, in particular, that all torsion groups have projective dimension
< 1. We get a theorem for certain torsion free groups by applying a theorem of Baer
[1]. By a homogeneous group we mean a torsion free group all of whose non-zero

elements have the same type.

Theorem If (G is a homogeneous group then (& has projective dimension 0 or 1

with respect to the projective class of all completety decomposable groups.

Proof. Let P be the external direct sum of all pure rank one subgroups of (.
Then K »— P —» (G is a proper exact sequence. Since P is a direct sum of torsion
free groups of rank one and of the same type, then every pure subgronp of P is again
completely decomposable [1]. Thus K is completely decomposable and K — P —» (&

is a proper piojective resolution of GG. B



It remains an open question whether a regular subgroup of a completely decom-
posable group is again completely decomposable.

Since regular sequences are, in particular, pure exact sequences, the injective class
contains all algebraically compact groups. It is not known whether the injective class

coutains groups which are not algebraically compact.
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