SHARP POINTWISE ESTIMATES ON HEAT KERNELS
by
ADAM SIKORA (WROCLAW)

1. Introduction. Let M be a connected and complete Riemannian
manifold. By p we denote the Riemannian distance on M and by —L the
closure of the Laplace-Beltrami operator on C°(M) in L*(dz), where dx is
the riemanian measure on M.

For every bounded Borel function F': [0.00) +— I, we define an operator

F(L): L*(dz) — L?*(dx) by the formula
F(L) = /0 T RO dEO),

where E()\) is the spectral decomposition of the operator L. We denote by
Kp(r) the kernel of the operator F'(L) i.e. the distribution

FL@)@) = [ 6 Keaw(a.y) dy.
where 1 € C°(M) and x,y € M. Next for H;(\) = exp(—tA?), we put
(1) pe(z,y) = KHt(\/Z) (z, ).

The function p;(z,y) is called the heat kernel. Since L is symmetric with
respect to dx, for any bounded Borel function F we have

(2) Kpwy(z,y) = Krw(y, ©)
and
pa(z,x) = [|pu(z, ')”%Q(dx)'
On the present paper we consider the manifolds which satisfy the following
assamption, which seems to appear first in Davies and Pang [3].
{ Ct=4?  ift <1

(3) sup p(z,z) < Ct=P/2 ift>1.

zeM

Under this assumption Davies and Pang proved (cf. also [1]),that if d < D
then

(4) pe(,y) < C min {t=2(1 4 p(,y) V1),

P pla) VP e (2

4t
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andifd > D

(5) pi(,y) < € max {t=2(1+ p(x,y) /VE)",
R ) Ve ().

A slightly weaker result of this type had been earlier obtained by Varopoulos
in [11]. The aim of this paper is to improve the esitmates above. In view of
[7], they seem to be the best possible. We use the connection of the heat and
the vave equation which has long history, notably [6].
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2. Main Theorem. We are going to prove the following theorem

Theorem 1 Let p; be the heat kernel defined by (1). Assume that p; satisfies
condition (3). Then, there exists a constant Cyq p depending only on d, D such
that: if d < D, then

(6) pu(,y) < CCypmin {t=(1 + p(z,y)/VE)*™,
O pta) VP e (L5 )
and if d > D, then
(7) pu(,y) < CCypmax {7 (1 + pl,y) V)",
R ) VB e (L),

Proof. First we note that the proof of Theorem 1 can be reduced to the
following lemma

Lemma 1 Let d > D > 0. Suppose there exist constants ag and ap such
that

(8) sup py(z, ) < agt™? + apt P2,
zeM



Then

(9) pi(z.y) < Caplaa(l+ plz,y)*"
Fap(1+ p(r,))P ) exp( 8,

The constant Cq.p depends only on d and D, and does not depend on aq and
ap.
First we are going to show that in fact Theorem 1 follows from Lemma 1.

Case d > D. For s > 0 we put Ly = sL and let ps; be the heat kernel

corresponding to Ls. Then
(10) Ps1 =Dps and Ps = L?
’ Vs

where p;, is a Riemannian distance corresponding to the operator L. On the
other hand, estimate (8) is true for p,; with constants a,4 = ags~%? and
as.p = aps /2. Now, in virtue of Lemma 1,

ps<x7 y) = ps,l(-rv y) S CYol,D(Oés,d(1 + ps(ma y>>d71

+agp(1+ ps(z,9)Ph) GXP(W)
< Cyplags (1 + p(j;_’sy))d—l

~D/2 P(@,Y)\ p_1 —p(z,y)?
+aps (1 + 7) )exp(——, )

< 20 p max {ads_d/2(1 + p(\x;gy))d_l,O{DS_D/Q(]_ i p(\x/gy))D_l}
Py’

€exXp s

Case d < D. If d < D then, by (8), sup p(z,z) < Ct™/2 for all
d <~ < D so, in virtue of what we have shown above we obtain

() pla) £ CC 2+ Ayt



forall d <~ < D, so

) < minfCCy 21+ oWyt

Vit

CCp ptP/2(1 + LWyt -5ty

Vit

This proves Theorem 1 in case d < D.
The proof of Lemma 1 is divided into 5 lemmas.

Lemma 2 Assume that FA € C*(R) is a Fourier transform of an even
function F and that supp F' C [—r, 7], then

supp Kp(VL) C {(z,y) € M*: p(z,y) <r}.

Proof. If we put Cy = cos(t)), then we can state the property of the finite
speed of propagation of the solution of the wave equation in the following
way

Theorem 2 If B, is a ball of radius t in the metric corresponding to the
operator L, then

(12) supp K¢,z (,) C Bi(x).
For a proof see [6], or[10] ch. IV, or remark to Theorem 3. Next, if F is an

even function, then by the Fourier inversion formula,

(13) FOV 1/+00F(t)cos(t)\) dt,

")

and in virtue of (13)

(14) FWI) = o [T FOCWT)

But since supp F C [—7r, 7], so

T

(15) FVD) = o [ FOCE) d

“ o).

and Lemma 2 follows by (15) and Theorem 2.

4



Lemma 3 For s > 2, we define the family of functions ¢s by the formula

¢s(z) = P(s(lz| — s)),

where ¥ € C° and

If we define the function F by

F@) = d.a) = e (5

then for any natural number N and s > 2

. GN-1 2
< Cyv—— e
RO = O

where Cy is a constant depending only on N.

Proof. Integration by parts N times yields

z2 - _]. z2 .
/ bo(z)e~ T e Ny = / (—— ~u(@)) (7T ) da
1 / —ﬁ—z’ T
- st v

:/( ! (... ( ! ¢5(£L‘)/...)/€_§_Mmdw.

T 4\ T 4\
N
1 1 o L. :
(x i (... (a: n Z,)\gbs(x) ...) is a linear combination of the following terms:
N
16) ———— o, (N) ,— %5 —iXz \ (N—1) —2 —i\z
1 ! 7ﬁf’i)\x 1 7ﬁ77j/\x
e T e e T



But

””2—7L T
(17) |/3€HA () We= 0]
(b2
< S I @)
< 1 =12 N-lg o N b2
- P
<ot IS ag
where 8 = sup [1p™)|. Similarly
N-1-k .
19 | @ e T <o S
(z + NN+ = ( )N
and finally
1 7ﬁ7i x
(19) |/<+>\)2N¢ (z)e" =~
20 ! o [T e ! 7
< T <eny—— 7.
2 St S

Now in virtue of (17),(18) and (19), Lemma 3 follows.

Lemma 4 If sup, p,(z, ) < agt=%? + apt="/2 then

2

[ PPy < Coploa(d + 5772 +an(1 +5)° )
Proof. If s < 2, then we have
(21) /( L, Pa@ gy < /Mp%(w,y)zdy = pi(z,2) < ag + ap,
T,Y)>s

so for s < 2, Lemma 4 is obvious. If s > 2, note that

(22) (2,y) = Kp,(yp)(z,y) for p(z,y) > s

pL
2

where F, is the function defined in Lemma 3. Indeed,

8
e

(Fs(\) = e ™72~ = V2r(¢(x) — 1)e™
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and in virtue of Lemma 2
supp (K, (vz)(2,y) = pi(2,)) € {(z,y) € M*: p(z,y) < s}.

This proves (22). By (22) we obtain

/p(x y)>spé(f7y)2dy = /p s K p, vy (@, 9)Pdy < /M K . oyry (. 9) Pdy.

So to prove Lemma 4 it is enough to show that
_9 42 _9 _g2
(23)/M K g,y (2, y)[*dy < C plaq(l+ $)4 2™ +ap(l +s)P%e™).

It is easy to check that for the positive measure pu, defined by the formula

L FOm) = [T FO)E) 20 d B0, pi(a. )

we have

IF(VI) @, ey = [ [P diaalD).

On the other hand, in virtue of our main assumptions,
[P+ (, ')||%2(d:p) = pot(, 7) < a(2t)" Y + ap(2t) P72,

hence

2,.—2

(24) pal0.) < e [ ()

< e/ N dpg () = ellp ()2 < e(ad2’%rd + ozD2’§rD).
0 =

Using (24) it is not difficlult to show that there exist positive measures p; 4
and 1, p and a constant ¢ such that p, = p, 4 + pep and

12,4([0, 1)) < dagt?,  pep([0,1)) < dapt”.

Now
(25) | K y)litdy = [ B dea ()

_ /0°° B2 dptaa(A) + /OOO BN dpa (M)
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Next in virtue of Lemma 3
(26) L IR P < Ca /0

oo 2(d-1)

(5 + A2
2(d—1)

=G, ) 8+t>2d”€782““’d“)

d 2(d 1)
_Od/() <dt<(8+t2d /,uxd

, 00 d (d 1) d
< - 75
< ch/O (dt((s—i—t)?d)) agt® dt
$2(d-1)

o / o —s2 d
= 2dc Cd/(] W@ OédCdt dt

e_szﬂr,d(k)

o 1 dt _o _g2
_2dCO€ dQA md( ) g_O(/iOéde 26 .

In the same way we prove that

2

(27) [T 1B Pren() < Chaps® 2.
0
Thus in virtue of (25),(26) and (27), (23) is proved.

Lemma 5 Under the assumptions of Lemma 1 there exists constant cqp
such that for T > 0 the following estimates are true

72

P /M pi(z,y)?e™ ™ dy < caplaa(l+7)" +ap(l+7)P e

Proof. First we note that
2 7p(x,y) 9 plzy)
(28) /Mp%(%’,y) e dyZ/Mp%(x,y) (1—|—/0 Te™ ds) dy
9 p(z,y) s
:pl(iﬂ,y)—i-/ pi(x,y) / Te™ ds dy
M2 0

9 p(z,y)
Sad+ozD+/ pi(z,y) / Te™ ds dy
M 2 0

By the Fubini Theorem,
o [Ply) 00 9
(29)/ pi(z,y) / Te™ ds dy :/ TGTS/ pi(z,y)° dy ds.
M 0 0 plog)>s ?
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In virtue of Lemma, 4,

(30) / TGTS/ pi(z,y)* dy ds
0 plog)>s 2
< Cc/lD/ e (ag(1 4 8) 2™ + ap(1 4 s)P2e~) ds.
"~ Jo

But it is not difficult to check that there exists a constant ¢, such that

72

/0 e (1+8)7 2% ds < )(1+ 1) leT.

By (30), this inequality proves Lemma 5.
Lemma 6 (9) in Lemma 1 follows from Lemma 5.

Proof. We note that
(31) pa(z, y)em?Y) :/ pi(z, 2)paly, )™ dz
M2 2
(32) < / p1 (l’, Z)pl (y’ z)@Tp(xvz)'H'P(Zvy) dz.
M2 2

By the Schwarz inequality

. /M P3 (2, z)p% (y, Z)eTp(x»ZHp(Z:y) dz
e 3 T z 1
S (/Mp%(xa 2)262 p(z,2) d,Z)Q(/Mp%(y’Z>262 0(y,2) dz)z'

So in virtue of Lemma 5
p(z,y) < CélyDe_Tp(z’y)(ozd(l +20) ! +ap(1427)P e,
If we put 7 = p(x,y)/2 we obtain Lemma 6 and Lemma 1.

Remarks. 1. In [7] p.23 Molchanov has proved that if N is the north
and S is the south pole of the d-dimensional sphere of radius R so that
p(N,S) =R, then

p(N, S)?

PN, S) ~ 72 (14 p(S, N) VI exp (‘ i

) as t | 0.



This shows that our estimates are sharp.

2. Theorem 2 is true also for sublaplacians on Lie groups (see [6], [§]
or the remark to the Theorem 3). Hence Theorem 1 is also valid for such
operators.

3. Finite speed propagation of the solution of the wave equation.
We conclude the paper by showing that a fairly weak Gaussian estimates on
the heat kernel implies finite speed propagation of the solution of the wave
equation.

Theorem 3 Let M be a space with a measure dx and a metric p(z,y) and
let L be a self adjoint, positive definite operator on L*(dz). Assume that

Ct=#*  ft<1
||Ht(\/E)HL2(dz)»—>L°°(dx) < { Ct,D/4 th > 17

where Hy(\) = e ™. Next assume that the following Gaussian estimates
hold for kernels py(x,y) of semigroup H,(v/L)

Ot~ exp(Z220y - jpy <1

Ot=PPoxp(ZAe0%y g > 1,

(34) pe(a )| < {

Now, if ¢,¢ € L*(dx) and ¢(y) = 0 fory ¢ B(&,x1), Y(y) =0 fory ¢
B(&s, 1), then

(35) < G(VL)$, ¢ >=0,
for [t] < b(p(x1,22) — & — &2).

Proof. We prove Theorem 3 in the case when d = D. The proof in the
other cases is similar. First we note that we can replace the metric p by
the metric p’ = bp hence we can assume that b = 1. Next, by assumptions
the operator L is self adjoint and positive definite so that H,(v/L) can be
extended to an analytic semigroup for all z such that Re z < 0. In [3] Davies
proved the following Theorem

Theorem 4 (Davies Theorem 3.4.8 [3] p.103) If p.(x1, x2) is the kernel of an
analytic semigroup H,(L), which satisfies the assumptions of Theorem 3(b =
1), then for any § > 0 there exists a constant cs such that

(36) 1p2(,9)] < cs(Re =) exp(—Re 280 )

(4+9)z
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On the other hand note that by (14)

2
_r
e asdr,

< H(VL)$, 1) >= /Ooo < C.(VL)p, v > \/%
for ¢,v € L*(dx). Hence
(D15 < Huy s (VD)0 >= [T (VA < Ce(VI)o v > e,

so the function v(s) = /1/s < Hg-1(L)¢, ¢ > is a Fourier-Laplace trans-

form of the function w(r) = (y/7r)™ < C\/;(\/f)gb,w >. In virtue of Theo-
rem 4, for n = p(x,y) — & — & we obtain

| < Hugy-1(VL)$, 9 > | < Cs(Res™ )™ 2exp(——n*Res)

449
for Res™! > 0. By the Paley-Wiener Theorem (Theorem 7.4.3 [5])

4

(38) supp w(r) C [n2m, 00).

for any ¢ > 0, hence it is also true for 6 = 0. This proves Theorem 3.

Remark. Note that in virtue of Theorem 3 we can obtain alternative
proof of Theorem 2 using the estimates (4) and (5). Since these estimates
are also true for the heat kernels corresponding to sublaplacians on Lie groups
(see [1]) we can use Theorem 3 to prove the finite speed propagation of the
solution of the wave equation for such operators.
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